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ON 0-n- ABSORBING PRIMARY IDEALS OF COMMUTATIVE 

RINGS 

HOJJAT MOSTAFANASAB AND AHMAD YOUSEFIAN DARANI 


Abstract. All rings are commutative with 1^0 and n is a positive integer. 
Let <f> : 3(i?) —> ,j ( R) U {0} be a function where 3(R) denotes the set of all ideals 
of R. We say that a proper ideal / of R is 0 -n-absorbing primary if whenever 
ai, 02 ,..., a n - )-i £ R and 0102 ■ ■ ■ a , n +1 £ /\b>(/), either 0102 ■ ■ ■ a n £ / or the 
product of a n +i with (n — 1) of ai,..., a n is in \fl. The aim of this paper is 
to investigate the concept of ban-absorbing primary ideals. 


1. Introduction 

Throughout this paper 7? will be a commutative ring with a nonzero identity. 
In [4], Anderson and Smith called a proper ideal 7 of a commutative ring R to 
be weakly prime if whenever a,b £ R and 0 ^ ab £ 7, either a £ I or b £ I. 
In [9], Bhatwadekar and Sharma defined a proper ideal 7 of an integral domain 
R to be almost prime (resp. m-almost prime) if for a,b £ R with ab £ 7\7 , 
(resp. ab £ I\I m ,m > 3) either a £ I or b £ I. This definition can obviously 
be made for any commutative ring R. Later, Anderson and Batanieh [3] gave a 
generalization of prime ideals which covers all the above mentioned definitions. Let 
(j) : 3(7?) -A 3(7?) U {0} be a function. A proper ideal 7 of R is said to be (f>-prime 
if for a,b £ R with ab £ 7\0(7), a £ I or b £ I. Since 7\0(7) = 7\(7 fi 0(7)), 
without loss of generality we may assume that 0(7) C 7. We henceforth make this 
assumption. Weakly primary ideals were first introduced and studied by Ebrahimi 
Atani and Farzalipour in [10]. A proper ideal 7 of R is called weakly primary if for 
a, b £ R with 0 ^ ab £ J, either a £ I or b £ \fl. In [22], Yousefian Darani called 
a proper ideal / of R to be cj)-primary if for a,b £ R with ab £ I\ </>(/), then either 
a £ I or b £ \fl. He defined the map 4> a : 3(1?) -A 3(??) U {0} as follows: 

( 1 ) 00 : 0 (J) = 0 defines primary ideals. 

(2) 0o : 0(1) = 0 defines weakly primary ideals. 

(3) 02 : 0(1) = 1 2 defines almost primary ideals. 

(4) 0 m (to > 2) : 0(7) = I m defines m-almost primary ideals. 

(5) (j) u : 0(7) = n“ =1 7 m defines w-primary ideals. 

(6) 0i : 0(7) = 7 defines any ideals. 

Given two functions 0i, 02 : 3(7?) —> 3(7?)U{0}, we define 0i < 02 if 0i( J) C 0 2 ( J) 
for each J £ 3(7?). Note in this case that 

00 < 00 < 0c < • • • < 0m+l < 0m < ' ' ' < 02 < 01- 

Badawi in [5] generalized the concept of prime ideals in a different way. He 
defined a nonzero proper ideal 7 of 7? to be a 2-absorbing ideal of 7? if whenever 
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a, 6, c € R and abc £ I , then ab £ I or ac £ I or &c £ I. Anderson and Badawi 

[2] generalized the concept of 2-absorbing ideals to n-absorbing ideals. According 
to their definition, a proper ideal I of R is called an n-absorbing (resp. strongly n- 
absorbing) ideal if whenever a± ■ ■ ■ a„+i £ I for ai,..., a n + \ £ R (resp. R ■ ■ ■ I n +i C 
I for ideals R,..., I n +1 of i?), then there are n of the afs (resp. n of the Ifs) whose 
product is in I. Thus a strongly 1-absorbing ideal is just a prime ideal. Clearly a 
strongly n-absorbing ideal of R is also an n-absorbing ideal of R. Anderson and 
Badawi conjectured that these two concepts are equivalent, e.g., they proved that an 
ideal I of a Priifer domain R is strongly n-absorbing if and only if / is an n-absorbing 
ideal of R, [2, Corollary 6.9]. They also gave several results relating strongly n- 
absorbing ideals. The concept 2-absorbing ideals has another generalization, called 
weakly 2-absorbing ideals, which has studied in [8]. A proper ideal I of R is a 
weakly 2-absorbing ideal of R if whenever a, 6, c £ R and 0 abc £ /, then ab £ I 
or ac £ I or be £ I. Generally, Mostafanasab and Yousefian Darani [15] called a 
proper ideal I of R to be a weakly n-absorbing (resp. strongly weakly n-absorbing ) 
ideal if whenever 0 ^ ai ■ ■ ■ a n +i £ / for ai,..., a n +1 £ R (resp. 0 R 1\ ■ ■ ■ I n +1 C / 
for ideals Ji,..., I n +i of R), then there are n of the afs (resp. n of the If s) whose 
product is in I. Clearly a strongly weakly n-absorbing ideal of R is also a weakly 
n-absorbing ideal of R. Let </> : 3(7?) —> 3(R) U {0} be a function. We say that 
a proper ideal I of R is a ^>-n-absorbing ideal of R if 0102 • • • a n _|_i £ I\<fi(I) for 
ai, 02 ,..., a n + i £ R (resp. Ji • • • I n +i C 7\</>(7) for ideals R,..., I n +i of R) implies 
that there are n of the af s (resp. n of the If s) whose product is in 7. Notice that 
<(>-n-absorbing ideals of a commutative ring R have already been investigated by 
Ebrahimpour and Nekooei [11] as (n,n + l)-d>-prime ideals. 

We call a proper ideal I of R to be a <(>-n-absorbing primary (resp. strongly 
</>-n-absorbing primary) ideal of R if 0102 • • • a n +i £ I\<fi(I) for some elements 
ai, 02 ,..., a n +i £ R (resp. R ■ ■ ■ I n +i C I and R ■ ■ ■ I n +i $£ <f>(I) for ideals 
1 1 ,..., I n +i of R) implies that either aia 2 • • • a n £ / or the product of a n +i with 
(n — 1) of ai, 02 ,..., a n is in \J1 (resp. either RR ■ ■ • C / or the product of / n +i 
with {n— 1) of R, R, ■ ■ ■, I n is in y/l)- 
We can define the map cf> a : 3(i?) —> 3(R) U {0} as follows: 

Let I be a ^> a -n-absorbing primary ideal of R. Then 

(1) 4>®(I) = 0 => I is an n-absorbing primary ideal. 

(2) <po(I) = 0 => / is a weakly ?r-absorbing primary ideal. 

(3) (j >2 (I) = I 2 =>■ / is an almost n-absorbing primary ideal. 

(4) 4> m {I) = I m (m >2) => I is an m-almost n-absorbing primary ideal. 

(5) = n“ =1 / m => I is an w-n-absorbing primary ideal. 

(6) 4>i(I) = I => I is any ideal. 

Some of our results use the R{+)M construction. Let R be a ring and M 
be an JGmodule. Then R(+)M = R x M is a ring with identity (1,0) under 
addition defined by (r, m) + (s, n) = (r + s,m + n) and multiplication defined by 
(r, m)(s,n) = (rs, rn + sm). 

In [19], Quartararo et al. said that a commutative ring I? is a u-ring provided R 
has the property that an ideal contained in a finite union of ideals must be contained 
in one of those ideals. They show that every Bezout ring is a u-ring. Moreover, 
they proved that every Priifer domain is a it-domain. 

Let R be a ring and (j> : 3{R) —> 3(R) U {0} be a function. In section 2, we 
give some basic properties of c/>-n-absorbing primary ideals. For instance, we prove 
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that if (f> reverses the inclusion and for every 1 < i < k, R is a </>-rii-absorbing 
primary ideal of R such that y/Ti is a <^-ro,-absorbing ideal of R , respectively, then 
Ii fl I 2 n ■ • • PI 4 and I 1 I 2 • • • Ik are two <(>-n-absorbing primary ideals of R where 
n = nr + 722 + • • • + nk- It is shown that a Noetherian domain I? is a Dedekind 
domain if and only if a nonzero n-absorbing primary ideal of R is in the form 
of / = M-f 1 Mlj 2 ■ ■ ■ for some 1 < i < n and some distinct maximal ideals 
Mi, M 2 , ■ ■ ., Mi of R and some positive integers t\, t 2 , ■ ■ ■, U- Moreover, we prove 
that if I is an ideal of a ring R such that yfl = Mi fl M 2 fl • • • fl M n where M*’s are 
maximal ideals of R, then I is an n-absorbing primary ideal of R. We show that if 
I is an ^-n-absorbing primary ideal of R that is not an n-absorbing primary ideal, 
then I n+1 C </>(/). 

Insection 3, we investigate <jy n-absorbing primary ideals of direct products of 
commutative rings. For example, it is shown that if R is an indecomposable ring 
and J is a finitely generated </>-n-absorbing primary ideal of R, where <j> < </> n + 2 , 
then J is weakly n-absorbing primary. Let n > 2 be a natural number and R = 
Ri x • • • x R n +1 be a decomposable ring with identity. Then we prove that R is 
a von Neumann regular ring if and only if every proper ideal of R is an n-almost 
n-absorbing primary ideal of R if and only if every proper ideal of R is an ui-n- 
absorbing primary ideal of R. 

In Section 4, we study the stability of </>-n-absorbing primary ideals with respect 
to idealization. As a result of this section, we establish that if I is a proper ideal 
of R and M is an R-modulc such that IM = M, then I(+)M is an n-almost n- 
absorbing primary (resp. w-n-absorbing primary) ideal of R(+)M if and only if / 
is an n-almost n-absorbing primary (resp. oc-n-absorbing primary) ideal of R. 

In section 5, we prove that over a u-ring R the two concepts of strongly </>-n- 
absorbing primary ideals and of ^>-n-absorbing primary ideals are coincide. More¬ 
over, if I? is a Priifer domain and I is an ideal of R, then I is an ?r-absorbing 
primary (resp. a weakly n-absorbing primary) ideal of R if and only if I[X\ is an 
n-absorbing primary (resp. a weakly n-absorbing primary) ideal of R[X], 

2. Properties of <(>-n -absorbing primary ideals 

Let n be a positive integer. Consider elements ai,... ,a n and ideals I \,. •., I n of 
a ring R. Throughout this paper we use the following notations: 
a% • ■ ■ a], - ■ ■ a n . i-th term is excluded from ai 
Similarly; Ii ■ ■ ■ I. t ■ ■ ■ I n : i-th term is excluded from 1) • • ■ /„. 

It is obvious that any n-absorbing primary ideal of a ring I? is a ^>-n-absorbing 
primary ideal of R. Also it is evident that the zero ideal is a weakly n-absorbing 
primary ideal of R. Assume that p\,p 2 , ■ ■ ■ ,Pn+ 1 are distinct prime numbers. We 
know that the zero ideal / = {0} is a weakly n-absorbing primary ideal of the 
ring Z PlP2 ... Pn+1 . Notice that P 1 P 2 • • -p n + 1 = 0 € I, but neither P 1 P 2 • ■ -p n £ I nor 
Pi ■ ■ - pi ■ ■ ■ p n + 1 £ y/T = Nil(Z p lP2 ... Pn+1 ) for every 1 < * < n. Hence / is not an 
n-absorbing primary ideal of Z plP2 ... Pn+1 . 

Remark 2.1. Let / be an ideal of a ring R and <fi : 3(R) —t 3(R) U {0} be a 
function. 

(1) I is ^-primary if and only if I is </>- 1-absorbing primary. 

(2) If I is ^-n-absorbing primary, then it is ^-Tabsorbing primary for all i > n. 
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(3) If 7 is ^-primary, then it is 0-n-absorbing primary for all n > 1. 

(4) If 7 is 0-n-absorbing primary for some n > 1, then there exists the least 
no > 1 such that 7 is 0-no-absorbing primary. In this case, 7 is 0-n- 
absorbing primary for all n > no and it is not 0-*-absorbing primary for 
no > i > 0. 

Remark 2.2. If 7 is a radical ideal of a ring R , then clearly 7 is a 0-n-absorbing 
primary (resp. strongly 0-n-absorbing primary) ideal if and only if 7 is a 0-n- 
absorbing (resp. strongly 0-n-absorbing) ideal. 

Theorem 2.3. Let R be a ring and let 0 : 5(7?) —> 5(7?) U {0} be a function. Then 
the following conditions are equivalent: 

(1) I is (f-n-absorbing primary; 

(2) For every elements x\,... ,x n £ R with x\ ■ • • x n / y/1, 

(/ : R X!-- -x n ) C [U£T /{y/1 \RXi---Xi- • •x rl )]U 

{I -RX r ■ ■ ■ x n -i) U (0(1) : R x i ■ ■ ■ x n ). 

Proof. (1)=>(2) Suppose that xi,...,x n € 7? such that aq • • • x n y/1. Let a £ 
(I : R x\ ■ ■ ■ x n ). So axi ■ ■ ■ x n £ I. If ax i • • • x n £ 0(J), then a £ (0(J) : R x\ ■ ■ ■ x n ). 
Assume that ax\ ■ ■ ■ x n (f (f>{I). Since x± • • • x n y/l, then either ax i • • • x n _i £ /, 
i.e., a £ (I : R xi ■ ■ ■ x ra _i) or for some 1 < i < n - 1 we have ax\ ■■■£)•■■ x n £ y/7, 
i.e., a £ (y/1 : R xi ■ ■ ■ Xi ■ ■ ■ x n ) or X 1 X 2 ■ ■ ■ x„ £ \fl. By assumption the last case is 
not hold. Consequently 

(/ :_r xi ■■ ■ x n ) C [U iffiiVl : R x\ ■ ■ ■ Xi ■ ■ ■ x n )}U 

{I - R x i • • • x n -i) U (0(7) : R xi ■ ■ ■ x n ). 


(2)=>(1) Let 0102 • • • a n + \ 6 7\0(7) for some ai, 02 , ■ • •, a n + 1 £ R such that 0102 • • • a n 
1. Then ai £ (7 : R 02 • • • a n +i). If 02 • • • a n +i £ \fl, then we are done. Hence we 
may assume that 0,2 ■ ■ ■ a n +1 fz. yfl and so by part (2), 

(7 : R a 2 ■ ■ ■ a n+1 ) C [U" =2 (v / 7 : R a 2 ■ ■ ■ a) ■ ■ ■ a n+ i)]U 

(7 : R a 2 • • • a n ) U (0(7) : R a 2 • • • a n+1 ). 


Since ai<Z 2 • • • a n +1 ^ 0(7) and 0102 ■ ■ ■ a n £ 7, the only possibility is that ai £ 
U"_ 2 (v / 7 : r a 2 ■ ■ ■ ai ■ ■ ■ a n +±). Then aia 2 • • • a) • • • a n +1 £ y/1 for some 2 < i < n. 
Consequently 7 is 0-n-absorbing primary. □ 

Let R be an integral domain with quotient field K. Badawi and Houston [6] 
defined a proper ideal 7 of 7? to be strongly primary if, whenever ab £ I with 
a,b £ 77, we have a £ I or b £ y/1. In [22], a proper ideal 7 of R is called strongly 
0-primary if whenever ab £ 7\0(7) with a,b £ K , we have either a £ I or b £ y/1. 
We say that a proper ideal 7 of 7? is quotient cf-n-absorbing primary if whenever 
xix 2 - • ■ x n +i £ 7 with Xl,X 2 , . .. ,x n +1 G 77, we have either xix 2 ■ ■ ■ x n £ I or 
Xi •••£)••• a; n +i £ y/1 for some 1 < i < n. 

Proposition 2.4. Let V be a valuation domain with the quotient field K, and let 
0 : 5(H) —> 5(H) U {0} be a function. Then every tf-n-absorbing primary ideal of 
V is quotient (f-n-absorbing primary. 
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Proof. Assume that I is a </>-n-absorbing primary ideal of V. Let X 1 X 2 • • ■ x n +± £ I 
for some x±, x%,..., x n +i £ K such that x±X 2 ■ ■ • x n (j I. If x n +i (j V, then x~]_i £ 
V, since V is valuation. So x± ■ ■ ■ x n x n +ix~ +1 = Xi ■ ■ ■ x n £ /, a contradiction. 
Hence x n +i £ V. If Xi £ V for every 1 < i < n, then there is nothing to prove. If 
Xi V for some 1 < i < n, then x\ - • • x% - • • x n +i £ I C yfl. Consequently, I is 
quotient </>-n-absorbing primary. □ 


Proposition 2.5. Let R be a von Neumann regular ring and let cf> : $(R) —> 
p(R) U {0} be a function. Then I is a <p-n-absorbing primary ideal of R if and only 
if e ie 2 • • • e n +i £ I\<j>{I) for some idempotent elements e±, e 2 , ■ ■ ■, e n +i £ R implies 
that either e\e 2 • ■ ■ e„ £ / or e\ ■ ■ ■ el ■ ■ ■ e n +i £ \fd for some 1 < i < n. 

Proof. Notice the fact that any finitely generated ideal of a von Neumann regular 
ring R is generated by an idempotent element. □ 


Theorem 2.6. Let R be a ring and let f> : 3(R) —> 3(R) U {0} be a function. If 
I is a <j>-n-absorbing primary ideal of R such that y/</>(/) = then \fl is a 

f>-n-absorbing ideal of R. 

Proof. Let x±X 2 ■ ■ ■ x n+ i £ y/l\<j)(y/l) for some x\, X 2 , ■ ■ ■, x n+ i £ R such that 
x\ • • ■ Xi ■ ■ ■ x n +i £ \fl for every 1 < i < n. Then there is a natural number m such 
that x^x™ ■ ■ ■ x™ +1 £ /. If x^x™ ■ ■ ■ x™ +1 £ </>(/), then ^ 1 X 2 • • • x n +i £ \Jf>(I) = 
<f)(y/l), which is a contradiction. Since I is c6-n-absorbing primary, our hypothesis 
implies that x^x™ ■ ■ ■ x™ £ I. Hence ^ 1 X 2 • • • x n £ \fl. Therefore \fl is a (f-n- 
absorbing ideal of R. □ 

Corollary 2.7. Let I be an n-absorbing primary ideal of R. Then \fl = Pi PlP 2 n 
• ■ ■ n Pi where 1 < i < n and Pi’s are the only distinct prime ideals of R that are 
minimal over I. 


Proof. In Theorem 2 . 6 , suppose that <j> = <j>i. Now apply [ 2 , Theorem 2 . 5 ]. □ 


Theorem 2.8. Let R be a ring, and let (f> : 3(i?) Z(R) U {0} be a function that 
reverses the inclusion. Suppose that for every 1 < i < k, R is a (f-ni-absorbing 
primary ideal of R such that y/Ti = Pi is a (f-ni-absorbing ideal of R, respectively. 
Set n := ni + U 2 + ■ ■ ■ + nk- The following conditions hold: 

(1) I\ PI I 2 n • • • fl is a (f-n-absorbing primary ideal of R. 

(2) I 1 I 2 ■ ■ ■ Ik is a tf-n-absorbing primary ideal of R. 


Proof. Set L = Ii fl I2 D • • • fl Ik ■ Then \J~L = Pi fl P2 fl • • • fl Pk . Suppose 
that 0102 • • • a n +i £ L\(f>(L) for some a±, <22,..., a n +1 £ R and aq • • • af ■ ■ ■ a n +1 ^ 
yfh for every 1 < i < n. By, yfh = Pi fl P2 fl • • • fl Pk is </>-n-absorbing, then 
0102 ■ • ■ a n £ Pi fl P2 n • • • fl Pk■ We claim that 0102 ■ ■ ■ a n £ L. For every 1 < 
i < k, Pi is </>-ni-absorbing and aia2---a n £ Pi\(f>(Pi), then there exist elements 
1 < 02 , ■ ■ ■) 0 h t < n such that apiapi ■ ■ ■ £ Pi. If 0 l r = 0 ™ for two pairs l, r 

and m, s, then 


a Pl a Pl''' 


a p[ a p l 2 


a 


i‘ 

n i 




■apn 


' a Pn 


' * * d ak CL ok * ' 


’ CLpk 


£ yfh. 




Therefore a\ ■ ■ ■ a pm ■ ■ ■ a n a n +\ £ \[L, a contradiction. So /3j’s are distinct. Hence 

{^/3J ? )*•* , 0>p^ , dp2 j dp2 ,... , O'P^ CLpk , ,.-.5 Chpk^ } {ui, 02, • • • , Un}* If 

api^api ■ ■ ■ api^ £ Ii for every 1 < i < k, then 


aia 2 •• • a n 


a Pl a p% ‘'' a Pl 1 a /3l a Pl ' ‘ ‘ a P* 2 ‘' ‘ a p!£ a p% ''' a P£ k € 


thus we are done. Therefore we may assume that dpidpi ■ ■ ■ dpi ^ I±. Since I\ is 
0-ni-absorbing primary and 


dpldpl ■ • ■ apl dp2dp2 • ■ ■ dp2 ■ • • dpkdpk • • • dpk a ra -|_l = Ol • ■ ■ d n +\ £ Il\</>(Il), 

then we have dp 2 dp 2 ---dp 2 ■■■ dpkdpk ■■■ dpk d n+ i £ P\. On the other hand 
dp 2 dp 2 ■ ■ ■ dp 2 ■■■ dpkdpk ■■■ dpk a n +1 £ P 2 D • • • flPfc. Consequently dp 2 dp 2 ■ ■ ■ ap 2 
■ ■ ■ dpkdpk ■ ■ ■ dpk a„+i £ y/L, which is a contradiction. Similarly Og.a^i ■ ■ ■ dp^ £ 
Ii for every 2 < i < k. Then 0102 • • • d n £ L. 

(2) The proof is similar to that of part (1). □ 


Corollary 2.9. Let R be a ring with 1^0 and let Pi, P 2 ,..., P n be prime ideals 
of R. Suppose that for every 1 < i < n, P* 1 is a Pi-primary ideal of R where ti is 
a positive integer. Then Pf 1 D P 2 2 0 ■ ■ ■ D Pf n and P^ 1 P 2 2 ■ ■ ■ Pf n are n-absorbing 
primary ideals of R. In particular, PinP 2 lT • -nP„ and P 1 P 2 • • • P n are n-absorbing 
primary ideals of R. 

Example 2.10. Let R = Z[X 2 5 X 3 , • • ■ 5 X n ] T 3 Xi^[X 2 , X 3 , - - •, X n , -f 1 ] ■ Set Pi := 
X i+ \R for 1 < i < n — 1 and P n := 3AdZ[X 2 , X 3 ,..., X n , X{\. Note that for 
every 1 < i < n, Pi is a prime ideal of R. Let I = PiP 2 • • • P n _iP 2 . Then 
3X 2 .X 2 . ■ ■ ■ ,X n .3 = 9X?X 2 ■ ■ ■ X n £ I and 3A 1 2 .A 2 . ■■■ ,X n = 3X 2 X 2 ■■■X^efl. 
On the other hand X 2 . • • • .X ra .3 = 3X 2 ■ ■ ■ X n ^ yfl C P„ and 3X 2 .X 2 . • • • .Xi . • • • . 
X„.3 = 9XfX 2 ■ ■ ■ Xi ■ ■ ■ X n ^ y/1 C Pi— 1 for every 2 < i < n. Hence I is not n- 
absorbing primary. 

In [7, Example 2.7], the authors offered an example to show that if I C J such 
that I is a 2-absorbing primary ideal of R and \fl = \fj, then J need not be 
a 2-absorbing ideal of R. They considered the ideal J = (XYZ, Y 3 ,X 3 ) of the 
ring R = Z[X,Y,Z] and showed that \fj = (XY). But X £ \fj, which is a 
contradiction. Therefore their example is incorrect. In the following example we 
show that if / C J such that I is a n-absorbing primary ideal of R and \fl = y/j, 
then J need not be a n-absorbing ideal of R. 

Example 2.11. Let R = K[Xi,X 2 , ... ,X n+2 ] where If is a field. Consider the 
ideal J = {Xi_X 2 ■ ■ ■ X n+1 , X\X 2 ■ ■ ■ X n , XfX n+2 ) of R. Then 

v / J= (XiA 2 ---X n ,AiX n+ 2 ) 

= (Xi) n (x 2 , x n+ 2) n (X3, x n+2 ) n • • • n (x„, x n+ 2). 

Set Pi = (Xi) and Pj = (X i ,X ra+2 ) for every 2 < i < n. Note that Pf s are 
prime ideals of R. Let I = PfP 2 ---P n . Then I C J and y/1 = \fj = fl " =1 P,;. 
By Corollary 2.9, I is an n-absorbing primary ideal of R, but J is not an n- 
absorbing primary ideal of R because X\X 2 ■ ■ ■ X n+ i £ J, but XiX 2 ■ ■ • X n ^ J 
and X 2 ■ ■ ■ X n+ i ^ \/l C (Xi) and X 1 ---X i -- • X n+ i ^ yfj C (X i 5 X„ +2 ) for every 
2 < i < n. 
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Theorem 2 . 12 . Let R be a ring, and let (j) : Z{R) —> Z(R) U {0} be a function. 

Suppose that I is an ideal of R such that \J(f>(-\/l) C <f>(I). If \fl is a (/)~( n ~ 1)” 
absorbing ideal of R, then I is a <f>-n-absorbing primary ideal of R. 

Proof. Let \fl be <f>-(n— l)-absorbing. Assume that 0102 • • • a n +\ £ I\(f>(I) for some 
ai, 02 ,..., a n +i £ R and 0102 • • • a n (j I. Since 

(^l&ra+l) (^ 2 ®n-{-l) * * ' {OnOn+ 1 ) (^ 1^2 * * * ^n)^n+l £ icVi\<t>{Vl). 

Then for some 1 < i < n, 

(aia n+ i) • • • (a»a n+ i) • • • (a n a n+ 1 ) = (ai • ■ ■ a, • ■ ■ a n )a™+\ £ Vi , 

and so ai • • • a; • • • a n a„+i £ y/l. Consequently / is 0-n-absorbing primary. □ 

The following example gives an ideal J of a ring R where \f! is an n-absorbing 
ideal of R , but J is not an n-absorbing primary ideal of R. 

Example 2.13. Let R = K[X\, X 2 , ■ ■ ., X n+2 ] where AT is a field and let J = 
{X±X 2 ■ ■ ■ X n+1 .XfX 2 XfX n+2 ). Then 

v7 = (Xi) n ( x 2 , x n+2 ) n (A 3 , x n+2 ) n • • • n (x n , x n+2 ). 

By [2, Theorem 2.1(c)], is an n-absorbing ideal of R, but J is not an n-absorbing 
primary ideal of R as it is shown in Example 2.11. 

We know that if I is an ideal of a ring R such that \fl is a maximal ideal of R, 
then / is a primary ideal of R. 

Theorem 2.14. Let I be an ideal of a ring R. If \fl = M\ fl M 2 D - - - D M n where 
Mi’s are maximal ideals of R, then I is an n-absorbing primary ideal of R. 

Proof. Let 010,2 • • • a n +1 £ I for some a\, a 2 ,..., a n +i £ R such that ai • • • a) • • • a„+i 
^ \fl for every 1 < i < n. If for some 1 < i < n, ai • • • ai • • • a n +i £ Mj (for ev¬ 
ery 1 < j < n), then ai ■ • ■ af ■ ■ ■ a„+i £ \fl and so we are done. Without loss 
of generality we may assume that for every 1 < * < n, ai • • • ai ■ • • a n +i ^ Mi, 
respectively. Since Mfs are maximal, then Mi + R(a\ ■ ■ ■ at ■ ■ ■ a n + 1 ) = R for every 
1 < i < n. Therefore for every 1 < i < n there are mi £ Mi and £ R such that 
mi + ri(ai ■ ■ ■ a,\ ■ ■ ■ a n+ i) = 1. So 

n n-t-\- 1 

m 1 m 2 ---m n + '^2 ^2 • ■ ■ r at (mi • • • ■ ■ ■ mff t ■ ■ ■ m n ) 

t= 1 CKl=l 

Oil <OL2< 

•••<o: t <n 

t 

[J(ai ■ • • a^ t ■ ■ ■ a n+ i)] = 1 

i =1 

Since m\m 2 ■ ■ ■ m n £ y/l, hence {m\m 2 ■ ■ ■ m n y £ / for some t > 1. Thus 

n n— £+1 

(mim 2 ■ ■ ■ mn) 1 + s[^2 ^ [ r «i r “ 2 ■■■ r at (mi ■ ■ ■ fnfY 1 ■ ■ ■ ■ ■ ■ fn^ t ■ ■ ■ m n ) 

t=l Cti =1 

o;i<Q!2< 

t 

[J(ai • • • n ai ■ ■ ■ a„+i)]] = 1 

*= l 
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for some s £ R. Multiply aia 2 • ■ ■ a n on both sides to get 
a\ a 2 • • • a n = aia 2 • • • a„(mim 2 • • • m n ) t + 

n n-t -\-1 

-E I r ai r a 2 • •- r a t (wi • •• •-"hTa • •'"V • •' m ri) 

t= 1 CKl=l 

ai <Q!2< 

t 

(aia 2 ■ ■ ■ a„) JJ(oi ■ ■ ■ ■ ■ ■ a„ + i)]] £ /. 

i=l 

Hence / is an n-absorbing primary ideal. □ 

Let P be an integral domain with 1 ^ 0 and let K be the quotient field of R. 
A nonzero ideal / of R is said to be invertible if I/ -1 = R, where I -1 = {x G K | 
xl C P}. An integral domain P is said to be a Dedekind domain if every nonzero 
proper ideal of R is invertible. 

Theorem 2.15. Let R be a Noetherian integral domain with 1^0 that is not a 
field . The following conditions are equivalent: 

(1) R is a Dedekind domain; 

(2) A nonzero proper ideal I of R is an n-absorbing primary ideal of R if and 

only if I = M% 2 ■ ■ ■ Ml' for some 1 < i < n and some distinct maximal 

ideals Mi, M 2 ,..., Mi of R and some positive integers ii, i 2 ,..., i»; 

(3) If I is a nonzero n-absorbing primary ideal of R, then I = M^M^ 2 ■ ■ ■ M^ 
for some 1 < i < n and some distinct maximal ideals Mi, M 2 ,..., M* of R 
and some positive integers t±, t 2 ,..., U; 

(4) A nonzero proper ideal I of R is an n-absorbing primary ideal of R if and 
only if I = Pi 1 Pi 2 ■■■Pi' for some 1 < i < n and some distinct prime 
ideals Pi, P 2 ,..., Pi of R and some positive integers ti, i 2 ,..., i*; 

(5) If I is a nonzero n-absorbing primary ideal of R, then I = P^P^ 2 ■ ■ ■ Pf* 
for some 1 < i < n and some distinct prime ideals Pi, P 2 ,..., Pi of R and 
some positive integers ti, t 2 ,..., ti- 

Proof. (l)=>-(2) Assume that R is a Dedekind domain that is not a field. Then 
every nonzero prime ideal of R is maximal. Let I be a nonzero n-absorbing primary 
ideal of R. Since R is a Dedekind domain, then there are distinct maximal ideals 
Mi, M- 2 ,..., Mi of R (k > 1) such that I = in which tj ’s are 

positive integers. Therefore \fl = Mi D M 2 D ■ • • fl M,. Since I is n-absorbing 
primary and every prime ideal of R is maximal, then \fl is the intersection of at 
most n maximal ideals of R, by Corollary 2.7. So i < n. 

Conversely, suppose that I = M^ M^ 2 ■ ■ ■ for some 1 < i < n and some distinct 
maximal ideals Mi, M 2 , ■ ■ ■, Mi of R and some positive integers ti, t 2 ,..., U. Then 
I is n-absorbing primary, by Corollary 2.9. 

(1) =>(4) The proof is similar to that of (1)=>(2). 

(2) =>(3), (3)=>-(5) and (4) =>-(5) are evident. 

(5)=>(1) Let M be an arbitrary maximal ideal of R and I be an ideal of R such 
that M 2 C I C M. Hence \fl = M and so I is M- primary. Then I is n- 
absorbing primary, and thus by part (5) we have that I = P* 1 P^ 2 ■ ■ ■ Pi 1 for some 
1 < i < n and some distinct prime ideals Pi, P 2 , ■ ■ ■, Pi of R and some positive 
integers ti, t 2 ,..., Then \J1 = Pi fl P 2 fl • • • fl Pi = M which shows that I is a 


power of M, a contradiction. Therefore, there are no ideals properly between M 2 
and M. Consequently R is a Dedekind domain, by [13, Theorem 39.2, p. 470]. □ 

Since every principal ideal domain is a Dedekind domain, we have the following 
result as a consequence of Theorem 2.15. 

Corollary 2.16. Let R be a principal ideal domain and I be a nonzero proper 
ideal of R. Then I is an n-absorbing primary ideal of R if and only if I — 
R{Pi'P 2 "'Pi*'); where pj’s are prime elements of R, 1 < i < n and tj’s are some 
integers. 

The following example shows that an n-absorbing primary ideal of a ring R need 
not be of the form P^PJf 2 ■ ■ ■ P\\ where Pj ’s are prime ideals of R, 1 < i < n and 
tj ’s are some integers. 

Example 2.17. Let R = K[X\, X 2 , ■ ■ ■, X n ] where 1C is a field and let I = 
(Xi, X 2 ,..., X n -i,X 2 }. Since I is (Xi, X 2 , ..., X n )-primary, then I is an n-absorbing 
primary ideal of R. But I is not in the form of P^P ^ 2 ■ ■ ■ P*’ : , where Pj’s are prime 
ideals of R, 1 < * < n and tj ’s are some integers. 

Theorem 2.18. Let R be a ring, a £ R a nonunit and m > 2 a positive integer. If 
(0 :r a) C (a), then (a) is f>-n-absorbing primary, for some <j> with < (f> m if and 
only if (a) is n-absorbing primary. 

Proof. We may assume that (a) is </> m -n-absorbing primary. Let X 1 X 2 ■ ■ ■ x n +± £ (a) 
for some x±, £ 2 , • ■ •, x n +i £ R. If X 1 X 2 ■ ■ ■ x n +i £ ( a m ), then either X\X 2 • • • x n £ 
(a) or x\ ■ ■ ■ Xi ■ ■ ■ x n+ i £ \/{a) for some 1 < i < n. Therefore, assume that 
xix 2 ■ ■ ■ x n+ \ £ ( a m ). Hence X 1 X 2 ■ ■ ■ x n (x n+ i +a) £ (a). If X\X 2 ■ ■ ■ x n (x n+ i +a) £ 

( a m }, then either X 1 X 2 • • • x n £ (a) or x\ ■ ■ ■ Xi ■ ■ ■ x n {x n j r \ + a) £ \/{a) for some 
1 < i < n. So, either X 1 X 2 ■ ■ ■ x n £ (a) or x\ ■ ■ ■ Xi ■ ■ ■ x n +i £ \J(a) for some 
1 < i < n. Hence, suppose that X 1 X 2 ■ ■ ■ x n (x n +i+a) £ ( a m ). Thus X 1 X 2 ■ ■ ■ x n +i £ 

(■ a m ) implies that X 1 X 2 ■ ■ • x n a £ (a m ). Therefore, there exists r £ R such that 
X 1 X 2 ■ ■ ■ x n — ra m_1 £ (0 :r a) C (a). Consequently X 1 X 2 ■ ■ ■ x n £ (a). □ 

Corollary 2.19. Let R be an integral domain, a £ R a nonunit element and m > 2 
a positive integer. Then (a) is (f-n-absorbing primary, for some </> with (j> < (f> m if 
and only if (a) is n-absorbing primary. 

Theorem 2.20. Let V be a valuation domain and n be a natural number. Suppose 
that I is an ideal ofV such that I n+1 is not principal. Then I is a <f> n+ i-n-absorbing 
primary if and only if it is n-absorbing primary. 

Proof. (=>) Assume that / is </> n -n-absorbing primary that is not n-absorbing pri¬ 
mary. Therefore there are a \,..., a n +1 £ R such that a\ - ■ • a n +1 £ /, but neither 
a\ ■ ■ ■ a r £ I nor a\ ■ ■ ■ cq • • • a n +\ £ \/l for every 1 < i < n. Hence {af) $£ I 
for every 1 < * < n + 1. Since V is a valuation domain, thus I C (af) for every 
1 < i < n + 1, and so I n+1 C (ai • • • a n +i). Since I n+1 is not principal, then 
ai---a n +i £ I\I n+1 . Therefore I 0 n+i-n-absorbing primary implies that either 
ai ■ ■ ■ a n £ 7 or 01 ■ ■ ■ Oj • ■ ■ a n +i £ y/l for some 1 < * < n, which is a contradiction. 
Consequently / is n-absorbing primary. 

(<=) is trivial. □ 
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Let J be an ideal of R and cj> : Z(R) —> Z(R) U {0} be a function. Define 
<fj : 3(R/J) —> 3(R/J) U {0} by (fj(I/J) = ((f(I) + J)/J for every ideal I G Z(R) 
with J C / (and (fj(I/ J) = 0 if <(>(/) = 0). 

Theorem 2.21. Let J C / &e proper ideals of a ring R, and let (f : 3(-R) —t 
3(-R) U {0} be a function. 

(1) If I is a (f-n-absorbing primary ideal of R, then I/J is a (fj-n-absorbing 
primary ideal of R/J. 

(2) If J C (f{I) and I/J is a (fj-n-absorbing primary ideal of R/J, then I is a 
<j)-n-absorbing primary ideal of R. 

(3) If (f(I) C J and I is a <j)-n-absorbing primary ideal of R, then I/J is a 
weakly n-absorbing primary ideal of R/J. 

(4) If (f>(J) C <f(I), J is a <f>-n-absorbing primary ideal of R and I/J is a weakly 
n-absorbing primary ideal of R/J, then I is a (f-n-absorbing primary ideal 

of R- 

Proof. (1) Let oi, a 2 ,..., a n+ 1 G R be such that (a 1 + J)(a 2 + J) ■ ■ ■ {a n+ 1 + J) G 
(I/J)\<fj(I/J) = (//J)\(</>(/) + J)/J. Then Oia 2 • • • a n+1 G I\(f(I) and / (f-n- 
absorbing primary gives either a\ ■ ■ ■ a n £ I or 01 • • • df ■ ■ ■ a n +1 G vT for some 1 < 
i < n. Therefore either (01 + J) ■ ■ ■ (a n + J) G 1/ J or (ai + J) • • • (as* + J) • • • (a n+ \ + 
J) G \fl/J = \JI/J for some 1 < i < n. This shows that I/J is ^j-n-absorbing 
primary. 

(2) Suppose that aia 2 ---a n +i G I\<j>(I) for some 01 , 02 ,..., a n +i G R. Then 

(ai + J)(a 2 + J) ■ ■ ■ (a n+ i + J) G (// J)\((j>(I)/J) = (// J)\<j)j(I/J). Since I/J 
is assumed to be (/>j-n-absorbing primary, we get either (ai + J) • • • (a n + J) G 
I/J or (01 + ./)■■■ (flj + • • • (o„+i + <7) G \JI/J = v 7 //of for some 1 < i < n. 

Consequently, either ai • • • a n G I or 01 • • • o) • • • a n +i G vT for some 1 < * < n, 
that I is </>-n-absorbing primary. 

(3) is a direct consequence of part (1). 

(4) Let ai • • • a n qi G I\<p(I) where ai,...,a n +i G R. Note that oi • • • o n +i ^ 
<j>(J) because <f>{J) C </>(/). If Oi • • • a n +i G J, then either ai • • • a n G J C I 
or ai • • • oi • • • a n +1 G a/J C \/T for some 1 < i < n, since J is <))-n-absorbing 
primary. If oi • • • a n +i </ J, then (ai + /)••• (a n +i + I) G (//J)\{0} and so either 

(ai +/)••• ( a n + /) G I/ J or (ai + J) ■ ■ ■ (a, + J) ■ ■ ■ (a n +1 + J) G \JI/ J = v^f /J 
for some 1 < i < n. Therefore, either ai • • • a n G I or ai • • ■ a) • • • a„+i G vT for 
some 1 < i < n. Consequently / is a </>-n-absorbing primary ideal of I?. □ 

Corollary 2.22. Let R be a ring, and let <j> : Z(R) —t Z(R) LJ {0} be a function. An 
ideal I of R is (f-n-absorbing primary if and only if I/(f{I) is a weakly n-absorbing 
primary ideal of R/(f (/). 

Proof. In parts (2) and (3) of Theorem 2.21 set J = (f(I). □ 

Corollary 2.23. Let R be a ring, (f : Z(R) d(f?)U{0} a function and I a proper 
ideal of R such that (f((I,X)) C ( X ). Then {I,X} is a (f-n-absorbing primary ideal 
of R[X] if and only if I is a weakly n-absorbing ideal of R. 

Proof. By parts (3), (4) of Theorem 2.21 and regarding the isomorphism (I, X)/(X) 
~ I in R[X]/(X) ~ R we have the result. □ 
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Let S be a multiplicatively closed subset of a ring R. Let (j> : 3(R) —> 3(R) U {0} 
be a function and define (j>s : 3(i?s) —>• 3(Rs) U {0} by ) = (<^(J D i?))s (and 
(f>s{J) = 0 if 4>{J fl R) = 0) for every ideal J of i?s. Note that <f>s(J) C J. 

Let M be an i?-module. The set of all zero divisors on M is: 

Z r(M) = {r G R | there exists an element 0 ^ x G M such that rx = 0}. 

Proposition 2.24. Let R be a ring and <f> : (J(-R) —> Z{R) U {0} be a function. 
Suppose that S is a multiplicatively closed subset of R and I is a proper ideal of R. 

(1) If I is a (f>-n-absorbing primary ideal of R with I D S = 0 and 4>(I)s C 
4>s(Is)> then Is is a (f>s-n-absorbing primary ideal of Rs- 

( 2 ) If Is is a (fs-n-absorbing primary ideal of Rs with <fis(Is) Q 0(/)s, S fl 

= 0 and S D Zr(j-) = 0> then I is a cf-n-absorbing primary ideal 

of R- 


Proof. (1) Assume that — — ■ 

•> \ / si S2 


fln + 1 
Sn+1 


S I S \(j>s{Is) for some §+ fa ..., 


Qn+1 
Sn + 1 


e Rs 


such that — — ■ ■ ■ — 4 I s . Since 

Si S2 S n ^ ° Si S2 S 

sai<Z 2 • • • a„+i G I. If saia 2 ---an+i G then 


G Is, then there is s £ S such that 


a i a 2 
si s 2 


rt + l _ Sfflifl2---a n + l 


4>(I)s C f>s(Is), a contradiction. Hence 0102 • • • a„(sa„+i) 6 /\/>(/). As / is (f>-n- 
absorbing primary, we get either 0102 • • • a n G I or ai • • • a) ■ ■ • a n (sa n +i) € vT for 
some 1 < i < n. The first case implies that fy • • • f 21 € Is which is a contradic¬ 
tion, and the second case implies that + ••• + ••• G (Vl)s = \//s for some 
1 < i < n. Consequently Is is a (^ 5 -n-absorbing primary ideal of Rs- 
(2) Let 0102 • • • a n +1 G I\(f>(I) for some ai, 02 ,..., a n +1 G R and let 0102 • • • a n £ I. 
Then 21 . 22 .... 2s±i. g J s . Assume that 2 i 2 a... 2 !ttl g cj>s{Is )■ Since 4>s(Is) C 
<f>(I)s, then there exists a s € S such that sai 02 •• • a„+i G <(>(/). Since S fl 
= 0 we have that 0102 • • • a n +i G </>(/), which is a contradiction. Therefore 


... 2 s±i g J S \0 S (/ S ). Hence, either f f ^ g I s or ^ • • • f • • • 2 *ti G 
VXs = {VT)s for some 1 < i < n. If S±S2. ... 2a g Jg, then there exists u G S such 
that ua\a2 • • • a n G / and so the assumption 5 flZi;(j) = 0 shows that 0,102 • • • a n G 
J, a contradiction. Therefore, there is 1 < i < n such that 21 • • • • • • a "+ 1 g 

{y/l)s, and thus there is a f G S such that toi • • • ai • • • o n +i G y/l. Note that 
S D Zr(y) = 0 implies that S fl Zr(-^j) = 0 , then ai • • ■ a) • • ■ a n +i G yfl. Conse¬ 
quently / is a +n-absorbing primary ideal of R. □ 


Let / : R — \ T be a homomorphism of rings and let '■ Z(T) —¥ 3(T) U { 0 } be 
a function. Define cj>R : Z{R) —> 3 (R) U { 0 } by 4 >r{I) = </>r(d e ) c (and ^)r(I) = 0 
if cf>T{I e ) = 0 )- We recall that if I? is a Priifer domain or T = Rs for some 
multiplicatively closed subset S of R, then for every ideal J of T we have J ce = J. 

Theorem 2.25. Let f : R —> T be a homomorphism of rings. If J is a <f>T-n- 
absorbing primary ideal of T such that 4 >t{J) C ipT{J ce ) ( e.g. where J = J ce ), 
then J c is a <pR-n-absorbing primary ideal of R. 

Proof. Let 0102 • • • a n +1 G J c \d>R(J c ) for some oi, 02 ..., o„+i G R. If f (ai) f ( 02 ) 
■■•/(an+i) S then aia 2 • • • a n +i G C <f T {J ce ) c = (/)r(J c ), which 

is a contradiction. Therefore /(ai)/(o 2 ) • • ■ /(a n +i) G Hence, either 

/(ai)/(a 2 ) • • ■ f{a n ) G J or f(a\) ■ ■ ■ /(ai) • • • f(a n +i) G a/J for some 1 < i < n. 
Thus, either 0102 • • • a n G J c or ai • • • a) • • • a„+i G for some 1 < i < n. 

Consequently J c is a <(>ij-n-absorbing primary ideal of R. □ 
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Let R, T be rings and 0 r : 3(7?) —> 3(7?) U {0} be a function. Define 0 t : 
3(T) Z(T) U {0} by MJ) = r(J c T (and 0 T ( J) = 0 if 0 r( J c ) = 0). We recall 
that if / : 7? —> T is a faithfully flat homomorphism of rings, then for every ideal 7 
of R we have / ec = 7. 

Theorem 2.26. Let f : R —> T be a faithfully flat homomorphism of rings. 

(1) If J is a ipT-n-absorbing primary ideal of T, then J c is a ipR-n-absorbing 
primary ideal of R. 

(2) If I e is a ipT~n-absorbing primary ideal of T for some ideal I or R, then I 
is a ipR-n-absorbing primary ideal of R. 

Proof. (1) Suppose that J is a 0r-n-absorbing primary ideal of T. In Theorem 
2.25 get 4>t '■= 4>t- Let I be an ideal of R. Then 

mi) = Mn c =Mn c =Mn ec = mi)■ 

So (j)R = ipR. Moreover, 0 t(J) = ipR(J c ) e = 4>R(J ce r = MJ ce )■ Therefore J c is 
a 0>R-n-absorbing primary ideal of R. 

(2) By part (1). □ 

Proposition 2.27. Let I be an ideal of a ring R such that 0(7) be an n-absorbing 
primary ideal of R. If I is a (f-n-absorbing primary ideal of R, then I is an n- 
absorbing primary ideal of R. 

Proof. Assume that aia 2 • • • a„+i £ 7 for some elements ai, < 22 ,..., a n +1 £ R such 
that aid 2 • • • a n (f I. If 0102 • • • a n +1 e 0(7), then 0(7) n-absorbing primary and 
0102 • • • a n (f 4>{I) implies that ai ■ ■ ■ af ■ ■ ■ a n +± £ y /</>(/) C \fl for some 1 < i < n, 
and so we are done. When ai<Z 2 • • • a n +1 ^ (f>(I) clearly the result follows. □ 

We say that a 0-prime ideal P of a ring I? is a divided 0-prime ideal if P C xR 
for every x £ R\P ; thus a divided 0-prime ideal is comparable to every ideal of R. 

Theorem 2.28. Let P be a divided (f>-prime ideal of a ring R. Suppose that I is 
a <f>-n-absorbing ideal of R with yfl = P and 0(P) C 0(/). Then I is a f-primary 
ideal of R. 

Proof. Let xy £ 7\0(7) for x, y £ R and y ^ P. Since xy £ P\0(P), then x £ P. If 
y n ~ x £ 0(P), then y £ \fl = P, which is a contradiction. Therefore y n ~ l 0(P), 
and so y™ -1 ^ P. Thus P C y n ~ 1 R , because P is a divided 0-prime ideal of R. 
Hence x = y n ~ l z for some z G R. As y n z = yx £ 7\0(7), y n £ 7, and 7 is a 
0-n-absorbing ideal of R, we have x = y n ~ 1 z £ 7. Hence 7 is a 0-primary ideal of 
R. □ 

Let 7 be an ideal of a ring R and 0 : 3(7?) —>• 3(7?) U {0} be a function. Assume 
that 7 is a 0-n-absorbing primary ideal of R and ai,... ,a n+ 1 £ R. We say that 
(ai,..., a n +i) is an 0-(n + l)-tuple of 7 if ai • • • a n+ 1 £ 0(7), 0102 • • • a n I and 
for each 1 < i < n, ai ■ ■ • a) ■ ■ • o n +i ^ VT- 

In the following theorem ai • ■ ■ a) ■ ■ ■ a} • • ■ a n denotes that ai and aj are elimi¬ 
nated from a\ - ■ • a n . 

Theorem 2.29. Let I be a (f-n-absorbing primary ideal of a ring R and suppose 
that (ai,..., a n +i) is a 0-(n + 1 )-tuple of I for some 01 ,..., a n +1 £ R. Then for 
every elements au, 02 ,..., a m £ {1, 2,..., n + 1} which l < m < n, 

ai * * * a ai • • • a a2 ■ • • a arn • • • a n +\I C 0(L). 
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Proof. We use induction on m. Let m = 1 and suppose that a± ■ ■ • ■ ■ ■ a n +\X ^ 

0(d) for some x £ I. Then ai ■ ■ - dfff ■ ■ ■ a n +i{a ai + x) ^ 0(d). Since I is a 
0-n-absorbing primary ideal of R and ai • • • afff ■ ■ ■ a n +1 ^ I , we conclude that 
ai • • • ' ‘ ‘ Oaf ' ‘ ‘ a n+ i(aai + x) £ \fl , for some 1 < 0.2 < n + 1 different from ai. 

Hence ai ■ • • 3^ • • • a n +i € -\/d, a contradiction. Thus a± ■ ■ ■ afff ■ ■ ■ a n +il C 0(d). 
Now suppose m > 1 and assume that for all integers less than m the claim holds. 
Let ai ■ ■ ■ afff ■ ■ ■ afff ■ ■ ■ afff ■ ■ ■ a n +iX\X 2 ■ ■ ■ x m £ <f>(I) for some x\, X 2 , ■ ■ ■, x m £ I. 
By induction hypothesis, we conclude that there exists £ £ 0(d) such that 


Ol ' ’ ’ CLai Oja.2 ’ ' ’ ’ ’ ’ On-(-l (Oa^ "f 3'l)(da2 ~\~ X 2 ) ' ' ' (^a m "£ >Tm) 

— C T • • • CL a i ’ ’ ’ Oq. 2 ' ' ' Oo; m ' ' ' O n J r \X\X2 ' ' ' Xm ^ 0(d). 

Now, we consider two cases. 

Case 1. Assume that a m < n + 1. Since I is 0-n-absorbing primary, then either 

«1 * * * &a\ * * * ^CK2 ’ * * &Oim * * ’ ^niPoi\ T ^l)(^ct2 T *^ 2 ) ‘ ‘ ' iPoirn ~"t" ^m) £ d, 


or 

Ui • • • a Ql • • • a a2 • • • flo m * * * ctj • • • u n _(_i (a ai £ ^1)(u a2 T X2) (^a m T ^m) 

e v 7 /, 

for some j < n + 1 distinct from a^’s; or 

Ol * * * a ai • • • * * * O am • • • O n _|_l(o ai T 3 ?i) * * * (u^ T * * * (^a m T %m) £ 

for some 1 < i < m. Thus either ai<X 2 • • • a n £ I or a\ ■ ■ ■ a} ■ ■ • a n+ i £ vT or 
ai • • • • • • a n +i £ vT, which any of these cases has a contradiction. 

Case 2 . Assume that a m = n + 1. Since d is 0-n-absorbing primary, then either 

ai ' ' * a ai * • • fl a 2 * * * darn — i * * * ®n+l(®ai T *^l)(^a2 ~t* ^2) * * * am d~ %m) ^ d, 


or 


^1 ‘ ’ * 


2 


: * * * &n+l (O'o 


^l)(a « 2 +x 2 )--*(o am 


“I - ^m) 

eV7, 


for some j < n + 1 different from a^’s; or 

* ’ * ^ai * * * ^ 0:2 " * * Q'ot.m —l ’ * * ®"n-\-l{p j ot.\ *^l) ’ * * (^o;i “1“ *^i) ’ ’ ’ (^a m “1“ *^m) 

eVJ 

for some 1 < i < m — 1. Thus either aia 2 ■ ■ • a n £ d or ai • • • fij ■ ■ ■ a n +\ £ y/1 or 
ai • • • aff i ■ ■ ■ a ra _)_i £ vT, which any of these cases has a contradiction. Thus 

ai * * * a ai • • • fl a2 * * * * * * ®n+id £ 0(d). 


□ 


Theorem 2.30. Let d fee on (f>-n-absorbing primary ideal of R that is not an n- 
absorbing primary ideal. Then 

(1) i n+1 C 0(d). 

( 2 ) vi=y/m- 
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Proof. (1) Since / is not an n-absorbing primary ideal of R, I has an <f>-(n + 1)- 
truple-zero (ai,..., a n +i) for some a ±,..., a n + 1 £ R. Suppose that X 1 X 2 ■ ■ ■ x n +i ^ 
(f)(1) for some x\, X 2 , ■ ■ ■, x n+ \ £ I. Then by Theorem 2.29, there is ( £ (f)(1) 
such that (ai + xi) ■ ■ ■ (<z n +i + x n +i) = C + ^ 1^2 ■ • ■ x n +\ <f>(I). Hence either 
(ai + xi) ■ ■ ■ (a n + x n ) £ I or (ai + x\) ■ ■ ■ (ai + Xi) ■ ■ ■ (a n+ 1 + x n+ i) £ \J1 for some 
1 < i < n. Thus either a\ - ■ • a n £ I or 01 • • • ai • • • a n+ i £ \fl for some 1 < * < n, a 
contradiction. Hence I n+1 C (f)(1). 

(2) Clearly, \J(f)(1) C \fl. As I n+1 C (f)(1), we get \fl C \Jf>(I), as required. □ 

Corollary 2.31. Let I be an ideal of a ring R that is not n-absorbing primary. 

(1) If I is weakly n-absorbing primary, then I n+1 = {0} and \/l = Nil(R). 

(2) If I is (f>-n-absorbing primary where <f> < (f> n + 2 , then J ra + 1 = I n+2 . 

Corollary 2.32. Let I be a (f-n-absorbing primary ideal where <f> < (f> n + 1 - Then I 
is oj-n-absorbing primary. 

Proof. If I is n-absorbing primary, then it is w-n-absorbing primary. So assume 
that I is not n-absorbing primary. Then I n+1 = I n+2 by Corollary 2.31(2). By 
hypothesis I is </>-n-absorbing primary and (f> < (f> n +i- So / is <(> n +i-n-absorbing 
primary. On the other hand (f>ui(I) = I n+1 = </> n +i(/). Therefore / is w-n-absorbing 
primary. □ 

Theorem 2.33. Let R be a ring and let (f> : 3(1?) 3(1?) U {0} be a function. 

Suppost that {1a}agA Is a family of ideals of R such that for every A, A' £ A, 
\J4>(I\) = y/<f>(I\') arid (f>(I\) C </>(/). If for every A £ A, I\ is a (f>-n-absorbing 
primary ideal of R that is not n-absorbing primary, then I = HagA is a (f>-n- 
absorbing primary ideal of R. 

Proof. Since I\ ’s are 0-n-absorbing primary but are not n-absorbing primary, then 
for every X £ A, a/?a = \/<fi(I\), by Theorem 2.30. On the other hand (f>(I\) C (f)(1) 
for every A € A, and so y/(f)(I\) C y/l. Hence \fl = \[T\ = y/(f)(I\) for every X £ A. 
Let 0102 • • • a„+i £ I\(f>(I) for some ai, 02 , ■.., a n +1 £ R, and let 0102 • • • a n (£ I. 
Therefore there is a A £ A such that 0102 ■ ■ ■ a n ^ I\. Since I\ is </>-n-absorbing 
primary and 0102 • • • a n +i £ I\\<f>(I\), then ai • • • a) • • • a„+i £ y/T\ = a fl for some 
1 < i < n. Consequently / is a </>-n-absorbing primary ideal of R. □ 

Corollary 2.34. Let R be a ring, (f> : 3(1?) —> 3(1?) U {0} be a function and I be 
an ideal of R. Suppose that yj<f>(I) = (f>(\/l) that is an n-absorbing ideal of R. If I 
is a (f>-n-absorbing primary ideal of R, then \fl is an n-absorbing ideal of R. 

Proof. Assume that I is a ^)-n-absorbing primary ideal of R. If I is an n-absorbing 
primary ideal of R, then \fl is an n-absorbing ideal, by Theorem 2.6. If / is not 
an n-absorbing primary ideal of R, then by Theorem 2.30 and by our hypothesis, 
A fl = -y/(f>(I) which is an n-absorbing ideal. □ 

Theorem 2.35. Let I be a (f)-n-absorbing primary ideal of a ring R that is not 
n-absorbing primary and let J be a (f>-m-absorbing primary ideal of R that is not 
m-absorbing primary, and n > m. Suppose that the two ideals (f>(I) and (f>(J) are 
not coprime. Then 

( 1 ) vm= y/m+(f(j). 

(2) If (f>(I) C J and (f>(J) c (f>(I -(- J), then I + J is a (f>-n-absorbing primary 
ideal of R. 
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Proof. (1) By Theorem 2.30, we have yfl = y/<j>(I) and yfl = yj4>(J). Now, by 
[21, 2.25(i)] the result follows. 

(2) Assume that </>(/) C J and (f>(J ) C (f(I + J). Since (f>(I) + (f(J) f R, then 
I + J is a proper ideal of R, by part (1). Since (/ + J)/J — 1/(1 D J) and I is 
0-n-absorbing primary, we get that (I + J)/J is a weakly n-absorbing primary ideal 
of R/J , by Theorem 2.21(3). On the other hand J is also ^-n-absorbing primary, 
by Remark 2.1(6). Now, the assertion follows from Theorem 2.21(4). □ 

Let R be a ring and M an .R-module. A submodule IV of M is called a pure 
submodule if the sequence 0 —> N E —► M E is exact for every i?-module E. 
As another consequence of Theorem 2.30 we have the following corollary. 

Corollary 2.36. Let R be a ring. 

(1) If I is a pure (f-n-absorbing primary ideal of R that is not n-absorbing 
primary, then I = <j>(I). 

(2) If R is von Neumann regular ring, then every <f>-n-absorbing primary ideal 
of R that is not n-absorbing primary is of the form </>(/) for some ideal I 

of R- 

Proof. Note that every pure ideal is idempotent (see [12]), also every ideal of a von 
Neumann regular ring is idempotent. □ 

Theorem 2.37. Let R be a ring and <f> : Z(R) —> 3(R) U{0} be a function. Let I be 
a <f>-(n — l)-absorbing primary ideal of R that is not (n— 1 )-absorbing primary, and 
J be an ideal of R such that J C I with <f>(I) C <f>(J). Then J is a <f>-n-absorbing 
primary ideal of R. 

Proof. Since / is a 4>-(n — l)-absorbing primary ideal that is not (n — l)-absorbing 
primary we have yfl = yj<f>(I ), by Theorem 2.30. Hence yfl = \fl = yj<j>(I). Let 
0102 • • • a n +i £ J\4>(J ) for some ai, < 12 ,..., a n +i £ R such that ai<Z 2 • • • a n ^ J. 
Since J C /, we have a\a 2 - • • a n +1 £ I\<p(I). Consider two cases. 

Case 1 . Assume that 0102 • • • a n (f I. Since / is <f>-(n — l)-absorbing primary, then 
it is <(>-n-absorbing primary, by Remark 2.1(6). Hence ay ■ ■ ■ oj ■ ■ ■ a n +i £ V? = yfj 
for some 1 < i < n. 

Case 2. Assume that ai <22 ■ ■ ■ a n £ I. Since ai<i 2 • • • an+i £ /\<^(/), we have 
that 0102 • • • a n £ I\<f>(I). On the other hand / is a <f>-(n — l)-absorbing primary 
ideal, so either ai<X 2 • • • a„_ 1 £ / C yfj or ay ■■■ af ■■■ a n £ Vi = VI for some 
1 < i < n — 1. Hence • • • a) • • • a n +i £ yfj for some 1 < i < n. Consequently J 
is a </>-n-absorbing primary ideal of R. □ 

3. ((>-n-ABSORBING PRIMARY IDEALS IN DIRECT PRODUCTS OF COMMUTATIVE 

RINGS 

Theorem 3.1. Let R\ and R 2 be rings, and let I be a weakly n-absorbing primary 
ideal of R\. Then J = I x R 2 is a <f>-n-absorbing primary ideal of R = R± x R 2 for 
each (f> with < <p < 0 i. 

Proof. Suppose that / is a weakly n-absorbing primary ideal of R±. If / is n- 
absorbing primary, then J is n-absorbing primary and hence is <(>-n-absorbing 
primary, for all <j>. Assume that I is not n-absorbing primary. Then /"+ 1 = 
{0}, Corollary 2.31(1). Hence J n+1 = {0} x R 2 and hence 4> U (J) = {0} x 
R 2 . Therefore, J\<j>u(J) = (/\{0}) x R 2 . Let (xi,yi)(x 2 ,y 2 ) ■ ■ ■ (x n+ i,y n+ i) £ 
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J\<j> u (J) for some Xi, x 2 , ■ ■ ■, x n+ \ £ Ri and j/i, y 2 , • • •, Un+i £ R 2 - Then clearly 
XiX 2 ■ ■ ■ x n +i £ J\{0}. Since I is weakly n-absorbing primary, either x\ ■ ■ ■ x n £ I 
or x\ ■ ■ ■ Xi ■ ■ ■ x n+ i £ \fl for some 1 < i < n. Therefore, either (xi, yf) ■ ■ ■ (x n , y n ) 

£ J = I x R 2 or ■ ■ ■ (xi,yi) ■ ■ ■ (x n+ i,y n+ i) £ \fj = v7 x R 2 for some 

1 < i < n. Consequently J is a w-n-absorbing primary and hence (^-n-absorbing 
primary. □ 

Theorem 3.2. Let R be a ring and J be a finitely generated proper ideal of R. 
Suppose that J is f-n-absorbing primary, where f> < cf> n + 2 . Then, either J is weakly 
n-absorbing primary or J n+1 ^ 0 is idempotent and R decomposes as R\ x R 2 where 
R 2 = J n+1 and J = I x R 2 , where I is weakly n-absorbing primary. 

Proof. If J is n-absorbing primary, then J is weakly n-absorbing primary. So we can 
assume that J is not n-absorbing primary. Then by Corollary 2.31(2), J n+1 = J n+2 
and hence J n+1 = J 2 ( n + 1 ). Thus J n+1 is idempotent, since J ” +1 is finitely gen¬ 
erated, J n+1 = (e) for some idempotent element e £ R. Suppose J n+l = 0. So 
4>{J) = 0, and hence J is weakly n-absorbing primary. Assume that J n+1 ^ 0. 
Put R 2 = J n+1 = Re and R\ = R( 1 — e); hence R = R\ x R 2 . Let / = J(1 — e), 
so J = I x R 2 , where I n+1 = 0. We show that / is weakly n-absorbing primary. 
Let xi, x 2 ,... ,x n +i £ R and X 1 X 2 • • • x n +i £ d\{0} such that XiX 2 ---x n ^ I. 
So (xi, 0 )(x 2 ,0) • • • (x„+i, 0) = (xix 2 • • ■ x„+i, 0) £ I x R 2 = J. Since J n+1 = 
{0} x R 2 and cj)(J) C J n+1 , then (xi, 0)(x 2 ,0) • • ■ (x„+i, 0) = (xix 2 ■ ■ ■ x n+ i,0) £ 
J\f>(J). Since J is (/>-n-absorbing primary, so either (xi, 0)(x 2 , 0) • • • (x n , 0) = 

(xix 2 • • • x„,0) e IxR 2 = J or (xi, 0) • • • (x*, 0) • • • (x n+ i, 0) = (xi • • -x) ■ ■ ■ x„+i,0) 
£ \J1 x R 2 = \fj for some 1 < i < n. The first case implies that X 1 X 2 ■ ■ ■ x n £ I, 
which is a contradiction. The second case implies that X\ •••£)••• x n+ i £ \fl for 
some 1 < i < n. Consequently / is weakly n-absorbing primary. □ 

Corollary 3.3. Let R be an indecomposable ring and J a finitely generated fi¬ 
n-absorbing primary ideal of R, where f> < f> n + 2 - Then J is weakly n-absorbing 
primary. Furthermore, if R is an integral domain, then J is actually n-absorbing 
primary. 

Corollary 3.4. Let R be a Noetherian integral domain. A proper ideal J of R is 
n-absorbing primary if and only if it is (n + 2 )-almost n-absorbing primary. 

Theorem 3.5. Let R = R\ x ■ ■ ■ x R s be a decomposable ring and ifi : 3{Rfj —> 
3(Ri) U {0} be a function for i = 1,2,..., s. Set f> = ifi x if 2 x ■ ■ ■ x %f n . Suppose 
that 

L = I 1 x ■ • • x J ai _ 1 x R ai x I ai+ 1 x • • • x I aj _ 1 x R aj x I aj+1 x ■ ■ ■ x I s 

be an ideal of R in which {ai,...,Oj} C {1, ...,s}. Moreover, suppose that 
ifotiiRai) 7 ^ Ron for some at £ {a \,..., ay}. The following conditions are equiva¬ 
lent: 

(1) L is a f>-n-absorbing ideal of R; 

(2) L is an n-absorbing primary ideal of R; 

(3) L' := Ji x • • • x I ai ~ 1 x I a 1+1 x • • • x I aj -1 x I aj +1 x • • • x I s is an n-absorbing 
primary ideal of 

R' &= R ± x • • • x R ai -1 x R ai +1 x • • • x Raj-i x R aj +i x • • • x R s . 
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Proof. (1) => (2) Since ’i/} ai (Ra i ) 7 ^ -R ai for some a, G {ap,..., ay}, then clearly 
L <£. \J4>{L). So by Theorem 2.30(2), L is an n-absorbing ideal of R. 

(2) => (3) Assume that L is an n-absorbing primary ideal of R and 
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because L is an n-absorbing primary ideal of R. Hence, either 
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Consequently, L' is an n-absorbing primary ideal of R!. 

(3) => (1) Let V is an n-absorbing primary ideal of R!. It is routine to see that L 
is an n-absorbing primary ideal of R. Consequently, L is a +n-absorbing primary 
ideal of I?. □ 


Theorem 3.6. Let R = R\ x • • • x R n be a ring with identity and let if>i : 3(Ri) —>■ 
3(Ri) U {0} be a function for i = 1,2,..., n such that ip n (R n ) ^ R n . Set <f> = 
ipi x 1 /J 2 x • • • x if n ■ Suppose that I\ x I 2 x • • • x I n is an ideal of R which ipi(I±) ^ Ii, 
and for some 2 < j < n, ipj(Ij) ^ Ij, and L is a proper ideal of Ri for each 
1 < * < n — 1. The following conditions are equivalent: 

(1) I\ x I 2 x ■ ■ ■ x I n is a (f-n-absorbing primary ideal of R; 

(2) I n = R n and I± x I 2 x • • • x 1 is an n-absorbing primary ideal of R\ x 
• • • x R n -1 or I n is a primary ideal of R n and for every 1 < i < n — 1, R 
is a primary ideal of Ri, respectively; 

(3) I\ x I 2 x ■ ■ ■ x I n is an n-absorbing primary ideal of R. 
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Proof. (l)=>-(2) Suppose that R x I 2 x • • • x /„ is a (/>-n-absorbing primary ideal of 
R. First assume that I n = R n . Since tp n (R n ) R R n , then I\ x I 2 x • • • x 1 is an 
n-absorbing primary ideal of f?i x • • • x R n -i, by Theorem 3.5. Now, suppose that 
I n R n . Fix 2 < i < n. We show that R is a primary ideal of Ri. Suppose that 
ab G R for some a, b G -R;. Let a: € R\4>i(R). Then 


(x, 1,..., 1)(1, 0,1,..., 1,..., 1)(1,1, 0,1,..., 1,..., 1) ■ ■ • 

i—th i—th 

(i,.... 1, o.^...., i)(i,... 0,1,..., 1) • • • (1,..., 1,0) 

i~th *- t?i 

i—th 

= (x, 0,..., 0, ab ,0,... ,0) € Ii x ■■■ x I„\ipi(R) x ■■■ x ip n (I n ), 
Since I\ x I 2 x ■ ■ ■ x I n is </>-n-absorbing primary and I/s are proper, then either 


(x, 1,..., 1)(1,0,1,..., 1,..., 1)(1,1,0,1,..., 1,..., 1) ■ ■ • 

i—th i—th 

(1.1, o,^,..., i)(i,... ,'T', o, 1,..., 1) • • • (1,..., 1, o) 

i—th i—th 

(1, o', 1, - - -, 1) = (x,0,...,0, a\0,...,0) G R x ■■■ x I n , 


or 


(x, 1, . . . , 1)(1, 0, 1, . . . , 1, . . . , 1)(1, 1, 0, 1, . . . , 1, . . . , 1) • • • 

i—th i—th 

0 ,^,..., i)(i,... ,^, 0 , 1 ,..., 1 ) • • • ( 1 ,..., 1 , 0 ) 

i—th i—th 

(1,...,1, b , 1, ...,1) = (x,0, ...,0, b ,0,... ,0) G \jh x ■ x 
and thus either a G Ii or b G y/R. Consequently R is a primary ideal of Ri. Since 
for some 2 < j < n. ipj(Ij) / R. similarly we can show that R is a primary ideal 
of Ri. 

(2)=>(3) If I n = R n and R x I 2 x ■ ■ • x I n - 1 is an n-absorbing primary ideal of 
Ri x ■■■ x R n - 1 , then R x R x ■ ■ ■ x I n is an n-absorbing primary ideal of R , 
by Theorem 3.5. Now, assume that I n is a primary ideal of R n and for each 
l<j<n— 1, Ijisa primary ideal of Ri. Suppose that 

(a! 1} ,...,aW)(4 2) , ■ • •,4 2) ) • • • (4” +1) ,...,4 n+1) ) 


^ II X I 2 X • • • X l(-^l) X • • • X 

in which for every 1 < j < n + 1, a^’s are in respectively. Suppose that 

(4 1) ,...,aW)(4 2) ,...,a^ 2) )---(4 n) ,...,a^ l) ) £Rx I 2 x ■■■ x I n . 

Without loss of generality we may assume that a'-^ ■ ■ ■ ^ R. Since Ii is pri¬ 

mary, we deduce that c4” +1 ' ) G y/R. On the other hand y/R is a prime ideal, 
for any 2 < i < n, then at least one of the a-^’s is in y/R , say af 1 G y/R. 
Thus [a{\ ..., an' 1 ) ■ ■ ■ (<4” +1 \ ..., al” +1 ^) G y/R x I 2 x ■ ■ ■ x I n . Consequently 
R x I 2 x ■ ■ ■ x I n is an n-absorbing primary ideal of R. 

(3)=>(1) is obvious. □ 
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Theorem 3.7. Let R = R\ x • • • x R n be a ring with identity and let ipi : 3(Ri) —> 
3(Ri) U {0} be a function for i = 1,2,...,n such that ip n (R n ) ^ Rn- Set </> = 
ipi x ip 2 x • • • x ifn, and suppose that for every 1 < i < n — 1 , h is a proper 
ideal of Ri such that ipi(Ii) ^ I\ and I n is an ideal of R n . Consider the following 
conditions: 

(1) /i x • • • x is a (f>-n-absorbing primary ideal of R that is not an n-absorbing 
primary ideal of R. 

(2) Ii is a ifi-primary ideal of R\ that is not a primary ideal and for every 
2 < i < n, It = ifi(Ii) is a primary ideal of Ri, respectively. 

Then (1) => (2). 

Proof. (1)=^(2) Assume that I\ x • • ■ x I n is a </>-n-absorbing primary ideal of R 
that is not an n-absorbing primary ideal. If for some 2 < i < n we have ipi(h) 7 ^ hi 
then I\ x • • • x I n is an n-absorbing primary ideal of R by Theorem 3.6, which 
contradicts our assumption. Thus for every 2 < i < n, ipi(Ii) = h and so I n ^ R n . 
A proof similar to part (1)=>(2) of Theorem 3.6 shows that for every 2 < i < n, 
ipi(h) = h is a primary ideal of Ri. Now, we show that I\ is a f/’i-primary ideal of 
R\. Consider a, b G Ri such that ab £ Ii\ipi(Ii). Note that 

( 1 , 0 , 1 ,..., 1 )( 1 , 1 , 0 , 1 ,..., 1 ) • • • ( 1 ,..., 1 , 0 )(a, 1 ,..., 1 )( 6 , 1 ,..., 1 ) 

= (ab, 0 ,..., 0 ) e (h x J 2 x • • • x I n )\(ipi(h) x • • • x ip n (I n )). 
Because If s are proper, the product of (a, 1,..., 1)(6,1,..., 1) with n — 2 of 
(1,0,1,..., 1), (1,1,0,1,..., 1),..., (1,..., 1, 0) is not in \JI 1 x I 2 x • • • x I n . Since 
Ii x I 2 x • • • x /„ is a 0-n-absorbing primary ideal of R, we have either 

( 1 , 0 , 1 ,..., 1 )( 1 , 1 , 0 , 1 ,..., 1 ) ■ ■ • ( 1 ,..., 1 , 0 )(o, 1 ,..., 1 ) 

= (a, 0 ,..., 0 ) e h x h x • • • x I n . 
or 

( 1 ,0,1,..., 1)(1,1,0,1,..., 1) • • • (1,..., 1,0)(6,1,..., 1) 

= ( 6 , 0 ,..., 0 ) G \]h x I 2 x • • • x I n . 

So either a G I\ or b G \fh. Thus I\ is a ^i-primary ideal of R\. Assume I\ is 
a primary ideal of R±, since for every 2 < i < n, h is a primary ideal of Ri, it 
is easy to see that I\ x • • • x I n is an n-absorbing primary ideal of R, which is a 
contradiction. □ 


Theorem 3.8. Let R = R\ x R 2 x R$ be a ring with identity and let ipi : 3(Ri) —> 
3(i?i)U{0} be a function for i = 1,2,3 such that ip 3 (Rs) ^ A 3 . Set <p = ipi X ip 2 X tps, 
and suppose that for i = 1 , 2 , R is a proper ideal of Ri such that ipx(h) 7 ^ h and 
I 3 is an ideal of R 3 . The following conditions are equivalent: 

(1) I\ x I 2 x I 3 is a cp-3-absorbing primary ideal of R that is not an 3-absorbing 
primary ideal of R. 

(2) I\ is a ipi-primary ideal of R\ that is not a primary ideal and for i = 2,3, 
h = ipi(h) is a primary ideal of Ri, respectively. 


Proof. (1)=>(2) See Theorem 3.7. 
(2)=>(1) Let 


^(a^a^a^Xai 3 


% 


G /1 x ^ 2 (^ 2 ) x 'ip3{h)\'ipi(h) x ^ 2 (^ 2 ) x ^ 3 ( 13 ), 
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in which, for every 1 < i < 3, a( 4 \ a[ 2 \ af\ af^ G Ri, respectively. Assume that 

/•-(!) -H) Jl)y J2) „(2) „(2)w (3) „(3) „( 3 A a! r v / r \ v (T \ 

(®1 > a 2 i °3 j( a l > a 2 > a 3 )(, a l > ®2 1 a 3 ) ^ -*1 X y j 2\J-2) X Y3\^3)■ 

Therefore, we may have three cases; 4^ 4"^ 4'^ ^ ii or 4"^ 4^ 4^ ^ ^ or 

_(!) _(2) (3) ^ r 
o 3 a 3 a 3 ^ r 3 . 

Case 1. Assume that 4 ^ 4 ^ 4 ^ ^ Ji. Since 4 ^ 4 ^ 4 ^ 4 ^ G Ii\ipi(Ii) and I\ 

is ^iq-primary, then a 4 G -y/TT- On the other hand y ^2 and v ^3 are prime and 

4^ 4^ 4 ^ 4^ G V ^2 and 4 ^ 4^ 4 ^ 4 ^ G Without loss of generality we 

may assume that a(4 G \fh. and a 3 3 ^ G \fli- Hence 

/.~(2) fSP) ^ (2) \ ✓ (3) (3) (3) \ / (4) (4) (4)\ /T v / / r \ v / / r \ 

’ a 3 /v a l 5^2 ’ a 3 /v a l ’ a, 2 ’ a 3 ) V^l X V^2\J-2) X 

Case 2. Assume that 4^4^ 4^ ^ / 2 - Since /2 is primary and 4^4^ 4^ 4^ G 
I 2 , then G -y/O- Since v ^3 is prime and 4^ 4^ 4^3 G \/ 73 , then at least 


one of the s is in -/I 3 . Let a 3 iJ G \/h- Since Ji is 'i/q-primary and 4 ^ 4 ^ 4 ^ 

Ii\tpi(Ii), then either 4 ^ G I\ or 4 ^ 4 ^ G \fl\. So 

(M) nW „( 1 )V„( 3 ) „(3) „(3)w„( 4 ) „( 4 ) „( 4 A / r v ,/, (T \ v ,/, (T \ 

(, a l j °2 > a 3 K a l > a 2 j a 3 J(.«l ; a 2 > a 3 j G V 4 1 * y2\*2J X +3+3,) 

or 

/~(l) ~( 2 ) ^ ( 2 ) ^ 7/^ (^) „(4) fj v / / T \ v / / T \ 

\ a l i a 2 » a 3 K a l 5 a 2 ’ a 3 H a l > a 2 5 a 3 J ^ \M1 X W 2 \J- 2 ) X Y3\^3)- 

Let a 3 2 '* G i/Ts"- Since /1 is ^i-primary, we have either a ^ G /1 or a^ 2 - ) a 3 3 ' ) G V^T- 
Hence 


/„(!) „(1) „(l)'\/ /7 (2) (2) (2)\/ (4) (4) (4)\ /7 / /r \ Y ,/. / r \ 

( a l » a 2 ’ a 3 /v a l j a 2 ’ a 3 /I 0 ! » a 2 > a 3 ) ^ v-^1 X y2\J-2) x W3\^3) 


or 


(2) ^,(2) (2)w (3) (3) „(4) (4)\ /T / / t \ / / r \ 

X a l 7 a 2 ? a 3 K a l ^ a 2 5 a 3 j ^ V X ^2(-/2j X ^ 3 ( 73 ). 


(«r } , 


0(4 


With a similar manner we can investigate the other remaining situations. 

Case 3. For a 3 1 4 3 2 4 3 3 ' ) ^ / 3 we act like case 2. Consequently Ji x J 2 x J 3 is a 
</>-3-absorbing primary ideal of i?. Since /1 is not a primary ideal of i?i, there exist 
elements a, b G R\ such that ab G ipi(Ii), but a ^ I\ and b ^ \fl\- Hence 

(1) 0,1)(1,1,0)(a, 1,1)(6,1,1) = (ab, 0,0) G ipi(h) x Mh) x Mh), 
but neither 

(1,0,1)(1, f, 0)(a, 1,1) = (a, 0,0) G /1 x J 2 x 7 3 , 

nor 

(1,0,1)(1,1,0)( 6 ,1,1) = ( 6 ,0,0) G Vh x I 2 x I 3 , 
also the product of (a, 1 , 1 )(&, 1 , 1 ) with any one of elements ( 1 , 0 , 1 ), ( 1 , 1 , 0 ) is not 
in yjl\ x J 2 x I 3 . Consequently I\ x I 2 x /3 is not a 3-absorbing primary ideal of 
R. 

□ 


Theorem 3.9. Let R = R± x • • • x i? ra +i where Ri’s are rings with identity and let 
for i = 1,2,...,n + l, ifi : 3(7?,:) — > 3(i?i)U{0} be a function such that ifi{Ri) Ri. 
Set (f = ifi x if 2 x ■ ■ ■ x 4> n+ i. 

(1) For every ideal I of R, (f>(I) is not an n-absorbing primary ideal of R; 

(2) If I is a 4>-n-absorbing primary ideal of R, then either I = (f{I), or I is an 
n-absorbing primary ideal of R. 
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Proof. Let 7 be an ideal of R. We know that the ideal 7 is of the form Ji x ■ ■ • x I n +\ 
where If s are ideals of Rf s, respectively. 

(1) Suppose that <p(I ) is an n-absorbing primary ideal of R. Since 

(0,1, •••, 1)(1, 0,1,..., 1) • • • (1,..., 1, 0) = (0,..., 0) 

£ 4 >(i) = ipi(li) x • • • x ip n+1 (l n+ i), 

we have that either 

(0,1 ,..., 1)(1,0,1,..., 1) • • - (1,..., 1,0,1) = (0 ,.. -, 0,1) 

G 4>l(Il) X • • • X '0 n+ i(J n+ i), 

or the product of (1,, 1,0) with n — 1 of (0,1 ,..., 1), (1,0,1,..., 1),..., 

(1,..., 1, 0,1) is in ^</>(/). Hence, for some 1 < i < » + l, 1 £ fpi(Ii) which im¬ 
plies that ipi(Ri) = Rt , a contradiction. Consequently </>(/) is not an n-absorbing 
primary ideal of R. 

(2) If I = </>(/), then clearly I is a cp- n-absorbing primary ideal of R , we may 

assume that I = h x • • • x I n+1 ^ x ^{h) x ■■■ x ip n+1 (I n+ 1 ). So, 

there is an element (on,... ,a n+ 1 ) £ I\(tpi(Ii) x ^(.h) x ■ ■ ■ x V’n+i^n+i))- Then 
(ai, 1,..., 1)(1, 02 ,1, • ■ •, 1) • • • (1, • • •, 1, a n + 1 ) £ I. Since I is a ^-n-absorbing pri¬ 
mary ideal of 77, then either 

(®i, 1, • • • 11)(1, °2) 1, ■ • ■ 11) ■ ■ ■ (1, • • ■, 1, a n , 1) 

= (ai, a 2 , ■ ■ •, a n , 1) £ I. 

or, for some 1 < i < n we have 

(ai, 1 ,..., 1) • • • (1,..., 1, di- 1 ,1,..., 1)(1,..., 1, a i+ 1 ,1,..., 1) • • ■ 

(1 , . . . , 1, a n _j_l) — (ctl, . . . , 1,1, , . . . , Gn+1) ^ V^-7. 

Then /, = Ri, for some 1 < i < n +1 and so I = I\ x • • • L_i x 77; x 7, + i x • • • I n +i- 

If 7 C 0(7), then i/y(7?,) = 77; which is a contradiction. Therefore, by Theorem 
2.30, 7 must be an n-absorbing primary ideal of 7?. □ 

Theorem 3.10. Let R = R\ x • • • x R n +i where Rt’s are rings with identity and let 
for i = 1,2,... ,n+l, ipi : 3(77;) —> 3(77; )U{0} be a function such that ipfRf) ^ Ri. 
Set (f> = ipi x i />2 x • • • x ip n + 1 - Let L = I\ x ■ ■ ■ x 7„+i 6e a proper ideal of R with 
L ^7 4>{L). The following conditions are equivalent: 

(1) L = h x • • • x 7„ + i is a ip-n-absorbing primary ideal of R; 

(2) L = h x • • • x 7„_|_i is an n-absorbing primary ideal of R; 

(3) L = 7i x • • • x 7j_i x 77, ; x 7, + i x • • • x 7„_|_i for some 1 < i < n + 1 such 

that for each 1 < t < n + 1 different from i, I t is a primary ideal of R t or 
L 71 X • X I ai -1 X R ai X I ai + 1 X • • • X I a j — 1 ^ ^ ^a;+l ^ L n j r \ 

in which {ai,..., aj} C {1,..., n + 1} and 

7l x • • • x 7 ai _i x 7 ai +i x • • • x 7 a;( _i x 7 CK ^_|_i • • • x 7 n _j_i 

is an n-absorbing primary ideal of 

77, x ■ ■ • x 7? ai _i x 77 Ql+ i x • ■ • x 7? Qj _i x 77 ai+1 x • • • x 7? n+ i. 

Proof. (1)=>(2) Since L is a </>-n-absorbing primary ideal of 7? and L ^ <^(L), then 
7, is an n-absorbing primary ideal of 77, by Theorem 3.9. 

(2)=^(3) Suppose that L is an n-absorbing primary ideal of 77, then for some 1 < 
i < n + 1, 7; = 77; by the proof of Theorem 3.9. Assume that L = 7i x • • ■ x 7;_i x 
Ri x 7, + i x • • • x 7 n+ i for 1 < i < n + 1 such that for each 1 < t < n + 1 different 
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from i, It is a proper ideal of Rt . Fix an I t different from We may assume that 
t > i. Let ab £ It for some a,b £ R t . In this case 


( 0 , 1 ,. • •, 1 )( 1 , 0 , 1 ,..., 1 ) • • • ( 1 ,..., 1 , 0 , 1 1 , 0 , 1 , 


( 1 , - - -, 1 , 0 , 1 1 , 0,1 . 1 ) - - - ( 1 ,..., 1 , 0 )( 1 ,..., 1 , a , 1 . 1 ) 

t—th i—th t—th 

(1, ..., 1,^ fo ', 1,..., 1) = (0,..., 0,,0,..., 0, '~ab ', 0,..., 0) 6 L. 


Since I\ x • • • x I n +\ is n-absorbing primary and Ij 's different from R are proper, 
then either 


( 0 , 1 , ■ ■ •, 1 )( 1 , 0 , 1 ,..., 1 ) • • • ( 1 ,..., 1 , 0 , 1 , ..., 1 )( 1,1 , 0 , 1 ,.... 1 ) - - - 
t — th t — th t — th 

(1,..., 1,0,'T',..., 1)(1,... .'"T', 0,1,..., 1) • • • (1,..., 1,0)(1,..., 1,1,..., 1) 

i-th t-th 


= ( 0 , • • ■, 0 , 1 , 0 ,..., 0 , a , 0 ,... , 0 ) ei, 


or 


( 0,1 . 1 )( 1 , 0 , 1 ,.... 1 ) - ■ - ( 1 ,.... 1 , 0 , 1 . 1)(1 . 1 i 0 , 1 ,..., 1 ) ■ • ■ 

t—th t—th t—th 

(1,..., 1, 0,'“l % 1 ..., 1)(1,... ,'T', 0,1,..1) • • • (1,..., 1, 0)(1,..., 1,..., 1) 


— (o,i ,o,...,o, b ,o,...,o) e %/l, 


and thus either a £ It or b £ \[R. Consequently I t is a primary ideal of Rt ■ 
Now, assume that 


L = Rx ■■■ x / Q1 _i x R ai x J Ql+ i x • • • x I aj _i x R a . x I aj+1 x • • • x I n+1 

in which {ai,.. ., ctj} C {l,...,n+ 1}. Since L is n-absorbing primary, then 
Ii x • • • x I ai -i x I a i_|_i x • • • x I aj -1 x Iaj +1 ■ ■ ■ x I n +i is an n-absorbing primary 
ideal of 


R\ x • • • x R ai _i x R ai _^i x • • • x R a ^_i x R a ^i x • • • x R n ~ t-ii 
by Theorem 3.5. 

(3)=>(1) If L is in the first form, then similar to the proof of part (2)=>(3) of 
Theorem 3.6 we can verify that L is an n-absorbing primary ideal of R , and hence 
L is a </>-n-absorbing primary ideal of R. For the second form apply Theorem 
3.5. □ 


Theorem 3.11. Let R = R± x • • • x R n +\ where Rj’s are rings with identity and 
let for i = 1, 2,..., n + 1, tfi : 3{Ri) 3(Ri) U {0} be a function. Set f> = 

ipi x x ■■■ x '0n+i- If every proper ideal of R is a (j>-n-absorbing primary ideal 
( (f>-n-absorbing ideal) of R, then I = ifi(I) for every 1 < i < n + 1 and every proper 
ideal I of Rj. The converse holds if in addition ipi{Ri) = Rj for every 1 < * < n + 1. 

Proof. Fix an i and let I be a proper ideal of Rj. Assume that I ^ ipi{I), so give 
an element x £ I\ipi(I). Set 

J:=/x {0 }--- x {0}. 
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Notice that 


(1,0,1,..., 1)(1,1,0,1, 0)(x, 1,• ■ •, 1) € J\<f(J) 

Since / is 0-n-absorbing primary, then either 

(1,0,1,..., 1)(1,1,0,1,..., 1) ■ ■ ■ (1,..., 1,0 )€J, 

or the product of (x, 1 ,..., 1) with n — 1 of (1,0,1 ,..., 1), (1,1, 0,1,..., 1),..., 

(1,..., 1, 0) is in yfj which implies that either 1 £ I or 1 £ {0}, a contradiction. 
Consequently I = if i(I). □ 

Corollary 3.12. Let n > 2 be a natural number and R = R\ x • • • x R n +i be a 
decomposable ring with identity. The following conditions are equivalent: 

(1) R is a von Neumann regular ring; 

(2) Every proper ideal of R is an n-almost n-absorbing primary ideal of R; 

(3) Every proper ideal of R is an oj- n-absorbing primary ideal of R; 

(4) Every proper ideal of R is an n-almost n-absorbing ideal of R. 

Proof. (l)<t=>(2), (1)4=>(3) and (l)<t=>(4): Notice that, cf n (I) = I (or (f u (I) = I) if 
and only if / = I 2 . By the fact that R is von Neumann regular if and only if I = I 2 
for every ideal I of R and regarding Theorem 3.11 we have the implications. □ 

Corollary 3.13. Let ... ,R n +1 be rings and let R = f?i x R 2 x • • • x R n+ 1 . 

Then the following conditions are equivalent: 

(1) i?i, R 2 , ■ ■ ■, Rn+i are fields; 

(2) Every proper ideal of R is a weakly n-absorbing ideal of R; 

(3) Every proper ideal of R is a weakly n-absorbing primary ideal of R. 

Proof. (l)=>-(2) By [11, Theorem 1.10]. 

(2) =>(3) is clear. 

(3) =>(1) In Theorem 3.11 assume that <f> = 0. 

□ 

4. The stability of <(>-n -absorbing primary ideals with respect to 

IDEALIZATION 

Let R be a commutative ring and M be an f?-module. We recall from [14, 
Theorem 25.1] that every ideal of R{+)M is in the form of I(+)N in which I is an 
ideal of R and IV is a submodule of M such that IM C N. Moreover, if Ii (+)Ni and 
I 2 (T) N 2 are ideals of i?(+)AL, then (/i(+)lVi)n(/ 2 (T)^V 2 ) = (ViD/ 2 )(+)( 1 Vi nWj). 

Theorem 4.1. Let R be a ring, I a proper ideal of R and M an R-module. Suppose 
that if : 3(R) —► 3(l?)U{0} and<f> : 3(R(+)M) —> 3(l?(+)M)U{0} are two functions 
such that </>(/(+)M) = ip(I)(+)N for some submodule N of M with if(I)M C N. 
Then the following conditions are equivalent: 

(1) I(+)M is a (p-n-absorbing primary ideal of R(+)M; 

(2) I is a if -n-absorbing primary ideal of R and if (ai,... ,a n +i) is aif-(n+1 )- 
tuple, then the second component of (ai, mi) • • • (a n +i, m n + 1 ) is in N for 
any elements mi ,..., m n .|_i € M. 

Proof. (1) => (2) Assume that I(+)M is a ^-n-absorbing primary ideal of R(+)M. 
Let x\ ■ ■ ■ x n -|_i € I\if(I) for some xi ,..., x n +i € R. Therefore 

(ah,0) • • • (x n +i, 0) = (xi • • -x n+ i,0) e I(+)M\(f(I(+)M), 
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because </>(/(+)M) = ip(I)(+)N. Hence either (x\, 0) • • • (x n , 0) = (x\ ■ ■ ■ x n , 0) G 
I(+)M or (xi,0) • • • {xi, 0) • • • (x n+ i, 0) = (xi •••£)••• x n+1 ,Q) G y/I(+)M = y/I(+)M 
for some 1 < i < n. So either x\ ■ ■ ■ x n G I or Xi ■■■£*■■■ x n+ i G vT for some 
1 < z < u which shows that I is z/>-n-absorbing primary. For the second statement 
suppose that a\ • • • a„+i G z/>(/), a\ • • • a n I and ai • • • a", • • • a n +i ^ \fl for all 
1 < i < n. If the second component of (ai, mi) • • • (a n + 1 , m n +i) is not in N , then 

(ai,mi) • • • (a n+ i,m n+1 ) G I(+)M\tf(I)(+)N, 

Thus either (ai,mi) • • • ( a n ,m n ) G I(+)M or (ai,mi) • • • (a^mi) • • • (a n+1 , m n+1 ) G 
\/l(+)M for some 1 < i < n. So either a\ - ■ ■ a n G I or ai ■ ■ ■ a) ■ ■ • a n +i G \fl for 
some 1 < i < n, which is a contradiction. 

(2) (1) Suppose that (ai, mi) • • • (a n +i, m n +i) & /(+)M\^)(/)(+)IV for some 

ai,..., dn +1 £ R and some mi,...,m n +i G M. Clearly ai • • • a n+ \ G /. If 
ai---a„+i G then the second component of (ai,mi) • • • (a n +i,m„+i) can¬ 

not be in N. Hence either a\ - • • a n G I or ai ■ ■ ■ a) ■ ■ ■ a n +i G for some 
1 < z < n. If ai • • • a n +i ^ ^(Z), then J z/j-n-absorbing primary implies that either 
a± ■ ■ ■ a n G I or ai • • • a) • • • a n +i G a/Z for some 1 < z < n. Therefore we have either 

(ai, mi) • • • (a„, m n ) G I(+)M or (ai,mi) • • • (a^m,) • • • (a„+i,m„+i) G x //(+)M 
for some 1 < i < n. Consecjuently I(+)M is a 0-n-absorbing primary ideal of 
R(+)M. □ 

Corollary 4.2. Let R be a ring, I be a proper ideal of R and M be an R-module. 

The following conditions are equivalent: 

(1) J(+)M is an n-absorbing primary ideal of R(+)M; 

(2) I is an n-absorbing primary ideal of R. 

Proof. In Theorem 4.1 set (j> = 0, ip = 0 and N = M. □ 

Corollary 4.3. Let R be a ring, I be a proper ideal of R and M be an R-module. 

The following conditions are equivalent: 

(1) J(+)M is a weakly n-absorbing primary ideal of R(+)M; 

(2) I is a weakly n-absorbing primary ideal of R and if (ai,..., a n +i) is an 
(n + 1 )-tuple-zero, then the second component of (ai,mi) • • • (a„+i,m n +i) 
is zero for any elements mi,..., m„+i G M. 

Proof. In Theorem 4.1 set cj) = 0, = 0 and N = {0}. □ 

Corollary 4.4. Let R be a ring, I be a proper ideal of R and M be an R-module. 

Then the following conditions are equivalent: 

(1) /(+)M is an n-almost n-absorbing primary ideal of R(+)M; 

(2) I is an n-almost n-absorbing primary ideal of R and if (ai,..., a n +i) is 
a (/> n -(n + 1 )-tuple, then for any elements mi,..., m n +i G M the second 
component of (ai,mi) • • • (a n +i,m n +i) is in I n ~ 1 M. 

Proof. Notice that ( I(+)M) n = I n (+)I n ~ 1 M. In Theorem 4.1 set <fi = f> n , if = 4> n 
and N = I n ~ 1 M. □ 

Corollary 4.5. Let R be a ring, I be a proper ideal of R and M be an R-module 
such that IM = M. Then I(+)M is an n-almost n-absorbing primary ideal of 
R{+)M if and only if I is an n-almost n-absorbing primary ideal of R. 
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Corollary 4.6. Let R be a ring, I be a proper ideal of R and M be an R-module 
such that IM = M. Then I(+)M is an vj- n-absorbing primary ideal of R(+)M if 
and only if I is an u:-n-absorbing primary ideal of R. 

5. Strongly cf-n- absorbing primary ideals 

Proposition 5.1. Let I be a proper ideal of a ring R. Then the following conditions 
are equivalent: 

( 1 ) I is strongly cf-n-absorbing primary; 

(2) For every ideals I ±,..., I n +i of R such that I C J 1; R ■ ■ ■ I n+1 C I\(f>(I) 
implies that either Ii ■ ■ ■ I n C I or I\- ■ ■ R ■ ■ ■ I n +i C \fl for some 1 < i < 

n. 

Proof. (1) => (2) is clear. 

(2) => (1) Let J, I 2 ,. .., Jn+i be ideals of R such that JI 2 ■ ■ ■ I n +1 Q I and JI 2 ■ ■ ■ I n +1 
$2 </>(/). Then we have that (J + I)I 2 ■ ■ ■ I n +1 = {Jh ■ ■ • I n + 1 ) + (. II 2 ■ ■ • /„+ 1 ) C I 
and (T + I)l 2 ■ ■ • 4n+i ^ (^(/). Set I\ •.= J + I. Then, by the hypothesis ei¬ 
ther ii • • • I n C I or I 2 • ■ ■ I n +1 Q y/l or there exists 2 < i < n such that 
(J + I)I 2 ■ • • 7j ■ ■ ■ J n+ i C yfl. Therefore, either J/ 2 • • • /„ C I or I 2 ■ ■ ■ I n +1 C i/d 
or there exists 2 < i < n such that JI 2 ■■■/*■■■ 7 n +i C -\/7. So / is strongly 
0 -n-absorbing primary. □ 

Remark 5.2. Let R be a ring. Notice that Jac(i?) is a radical ideal of R. So 
Jac(i?) is a strongly n-absorbing ideal of R if and only if I is a strongly n-absorbing 
primary ideal of R. 

Given any set X , one can define a topology on X where every subset of X is an 
open set. This topology is referred to as the discrete topology on X, and X is a 
discrete topological space if it is equipped with its discrete topology. 

We denote by Max(l?) the set of all maximal ideals of R. 

Theorem 5.3. Let R be a ring and Max(R) be a discrete topological space. Then 
Max(R) is an infinite set if and only if Jac(R) is not strongly n-absorbing for every 
natural number n. 

Proof. (<t=) We can verify this implication without any assumption on Max(l?), by 
[2, Theorem 2.1]. 

(=>) Notice that Max(i?) is a discrete topological space if and only if the Jacob¬ 
son radical of R is the irredundant intersection of the maximal ideals of R , [1, 
Corollary 3.3]. Let Max(i?) be an infinite set. Assume that for some natural 
number n, Jac(i?) is a strongly n-absorbing ideal. Choose n distinct elements 
Mi, M 2 , ■ ■ ■ , M n of Max(/?,). Set M. := ■.., M n }, and denote by M c the 

complement of M in Max(i?). Since Jac(i?) = M\ D M 2 D - - - D M n D ( f] M), 

MaM c 

then either Mi ■ ■ ■ ■ ■ ■ M n ( p| M) C Jac(i?) for some 1 < i < n, or 

mgm c 

M\M 2 ■ ■ ■ M n C Jac(i?). In the first case we have Mi ■ ■ ■ • • • M n ( f] M) 

MaM c 

C Mi and so f] M C Mi, a contradiction. If M\M 2 - ■ • M n C Jac(J?), then 
MgM c 

M\M 2 ■ ■ ■ M n C M for every M £ A4 C , and so again we reach a contradiction. 
Consequently Jac(i?) is not strongly n-absorbing. □ 
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In the next theorem we investigate (/-^-absorbing primary ideals over u-rings. 
Notice that any Bezout ring is a u-ring, [19, Corollary 1.2], 

Theorem 5.4. Let R be a u-ring and let 4> : 3(R) 3(R) U {0} be a function. 

Then the following conditions are equivalent: 

(1) I is strongly 4>-n-absorbing primary; 

(2) I is (p-n-absorbing primary; 

(3) For every elements xi,..., x n G R with xi ■ ■ ■ x n \fl either 

(I -RX 1 • • • X n ) = (I :rX 1 ■ ■ ■ X n -l) 

or (/ :r x i • • • x n ) C {VI :r xi ■•■£'*■■■ x n ) for some 1 < i < n — 1 or 
(/ :rx i ■ ■ ■ i n ) = ( (f)(1) :rx i ■ ■ ■ x„); 

(4) for every t ideals R,...,It, 1 < f < n — 1, and for every elements 

X\ 5 ... 5 Xfi — l 

G -R such that x± - ■ ■ x n -tli ■ ■ ■ It v 7 ?, 

(/ ./£ X\ * * * X n —tT 1 * * ’ — {I Xl * * * X n —t—lR ' ' ■ It) 

or 

(/ : fl X! ■ ■ ■ Xn-th ■■■It) Q {Vi -.RXi-'-Xi--- x n -th ■■■It) 

/or some 1 < i < n — t — 1 or 

{I -R X\ • • ■ X n —tR ’ ’ ‘ It.) R {Vi •R X\ ■ ■ ■ X n —tll ' Ij It) 
for some 1 < j <t or 

{I -RX 1 • • • x n -th ■■■It) = (0CO ^1 • • • Xn—th ■ ■ ■ It)- 

(5) for every ideals R, R-, ■ ■ ■, In of R with hh ••• In £ I, either there is 1 < 
i < n such that {I : R h--- /„) C {VI '-r h • • • h ■ • • I n ) or (/ :.r R--- /„) = 
(</(/) :«/!•••/„). 

Proof. (1)=>(2) It is clear. 

(2) =>(3) Suppose that x±,... ,x n G R such that xi •• • x„ ^ \/J. By Theorem 2.3, 

{I -.RXi---x n ) C [U^{VJ :r xi ■ ■ ■ Xi ■ ■ ■ x„)]U 

(/ xi ■ ■ ■ x n _i) U (</(/) xi ■ ■ ■ x„). 

Since R is a u-ring we have either (/ xi • • • x n ) C (v 7 / :r xi ■ ■ ■ Xi ■ ■ ■ x n ) for some 
1 < i < n - 1 or (I : R x\ ■ ■ ■ x„) = (J :r xi ■ ■ ■ x n -i) or (/ : R x i • • • x„) = (</(/) 

Xl • • • X n ). 

(3) =>(4) We use induction on t. For t = 1, consider elements xi,...,x„-i G R 
and ideal h of R such that x\- ■ ■ x n -ili ^ Vi- Let a G (/ :r x\ • ■ ■ x n -\Ii)- 
Then h C (/ :r ax i • • • x n -i). If axi ■ ■ ■ x n -i G Vi , then a G (v 7 / :r x i • • • x n -i). 
If axi---x n _i ^ v 7 /, then by part (3), either h C {I : R axi---x n ~ 2 ) or R C 
{Vi '.r ax\ ■ ■ ■ Xi ■ ■ ■ x n -i) for some 1 < i < n - 2 or / C {Vi :r x\ • • • x n -i) or 
R C (</>(/) :r axi ■ ■ ■ x n -i). The first case implies that a G (/ :r Xi • • • x n - 2 R). 
The second case implies that a G (VT :rx i ■ • • xi ■ ■ • x n -il\) for some 1 < i < n — 2. 
The third case cannot be happen, because xi ■ ■ ■ x n -\R <£. Vi , and the last case 
implies that a G (4>{I) -r X\ ■ ■ ■ x n -il\). Hence 

(/ : R xi • • -Xn-ih) Q ^7=1 (Vi '.r Xf ■ ■ Xi ■ ■■Xn-iR) U {VI :r xi ■ ■ -x„_i) 

U(I :r x i • • • x n — 2 L 1 ) U {(/>{!) :r x i ■ • • x n -iR). 
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Since R is a u-ring, then either (7 : R Xi - ■ ■ x n -\Ii ) C (y/l : R x\ •••£,••• x n -il/) 
for some 1 < * < n — 2, or (7 aq • • • x n -il\) C (\/7 Xi • • • x„_i) or (I : R 
Xi--- Xn-ih) = (I : R x 1 ■ ■ • x n - 2 h) or (/ i r - x„_i7i) = (0(7) : R xi ■ ■ ■ x n -ih) 
Now suppose t > 1 and assume that for integer t — 1 the claim holds. Let 
x \,..., x ra _t be elements of 7? and let 7j,..., 7 t be ideals of 7? such that 
xi • • • x n -th ■ ■ ■ It / a/ 7. Consider element a £ (I : R xi ■■ ■ x n -tli •••It). Thus 
7* C (7 :_r axi • • • x n -th • ■ • 7 t _i). If axi • • • x n -tli • • ■ h.-i C a/ 7, then a £ (y/l : R 
X\ • • • x n -th ■ ■ ■ It- 1 )- If ■ ■ ■ x n _ t Ii ■ ■ ■ I t -\ y/l, then by induction hypothesis, 
either 

(7 : R ax i • • • x n -tli ■ • • 7 t _i) C (y/l : R Xi--- x n - t h • • ■ 7 t _i) 
or 

(7 UXi • • • Xn-th * ' ' h—1 ) C (v7 03^1 • • • Xi • • ' Xn—th ' ' * It—l ) 
for some l<i<n — t — lor 

(7 axi • • • x n -th ■ ■ ■ h-i) C (v 7 ! :_r axi • • • x n - t h ■■■Ij ■■■ h-i) 
for some 1 < j < t — 1 or 

(7 : R ax\ ■ ■ ■ x n -th ■ ■ • h-i) = (7 :jj axi ■ ■ ■ x„_ t _i7i • • • I t -i), 

or (7 : R ax\ ■ ■ ■ x n - t h • • • 7 t _i) = (<^(7) axi • • • x n -th ■ ■ ■ h-i)- Since Xi ■ ■ ■ x n - t 
h ■ ■ ■ It $7 a/ 7, then the first case cannot happen. Consequently, either a £ 
(y/l : R Xi • • • xi ■ ■ • x n -th • • • It) for some 1 < i < n — t — 1 or a £ (y/l : R 
X\ ■ ■ ■ Xn-th ■ • • Ij ■■■ h) for some 1 < j < t - 1 or a £ (I : R xi • ■ ■ x n - t -ih ■ ■ ■ h), 
or a £ (4>(I) : R X\ ■ ■ ■ x n -th ■■■It)- Hence 

(7 * R XI * * * X n —th ' ' ' h) — //l 'R Xl * * * Xi • • • Xn-th ‘ ‘ ‘ h)] 

U [Uj =1 (Vl : R Xi • • • Xn-th ■■■Ij ■■■It)\ 

U (7 : R Xi - ■ ■ Xn-t-ih ■■■!/) 

U (4>(I) : R Xf-Xn-th-■■ It)- 
Now, since R is rt-ring we are done. 

(4) =>(5) Let 7i, 7-2,..., I n be ideals of R such that Iih ■ ■ • I n / 7. Suppose that 
a £ (I : R hh ■ ■ ■ In)- Then I n C (7 : R ahh ■ ■ • In-/)- If ahh ■ ■ ■ I n -i Q y/l , then 
a £ (y/l : R hh ■ ■ ■ In-/)- If ahh ■ ■ ■ h-i / y/l , then by part (4) we have either 
In C (7 : R hh ■ ■ ■ In-i) or I n C (y/l : R ah - ■■ If ■ h- 1 ) for some 1 < i < n - 1 
or I n C ((f)(1) : R ahh-■■In-/)- By hypothesis, the first case is not hold. The 
second case imples that a £ (y/l : R h- ■ ■ h- • • In) for some 1 < i < n — 1. The 
third case implies that a £ (4>(I) '- R hh ■ ■ ■ In)- Similarly, since R is w-ring, there 
is 1 < i < n such that (7 : R h • • ■ In) Q (y/l - R h ■ ■ • Ii ■ ■ ■ In) or (7 : R h ■ ■ ■ In) = 

((f)(1) : R h - ■■ I n )- 

(5) =>(1) This implication has an easy verification. □ 

Remark 5.5. Note that in Theorem 5.4, for the case n = 2 and (f> = </$ we can 
omit the condition rt-ring, by the fact that if an ideal (a subgroup) is the union of 
two ideals (two subgroups), then it is equal to one of them. So we conclude that an 
ideal 7 of a ring R is 2-absorbing primary if and only if it is strongly 2-absorbing 
primary. 
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Let R be a ring with identity. We recall that if / = do + a±X + ■ ■ ■ + at.X * is a 
polynomial on the ring R , then content of / is defined as the R-ideal, generated by 
the coefficients of /, i.e. c(/) = (a o, a 1 ,..., a t ). Let T be an R-algebra and c the 
function from T to the ideals of R defined by c(/) = fl{J | I is an ideal of R and 
/ £ IT} known as the content of /. Note that the content function c is nothing 
but the generalization of the content of a polynomial / £ R[X]. The R-algebra T 
is called a content R-algebra if the following conditions hold: 

(1) For all / € T, f £ c(f)T. 

(2) (Faithful flatness ) For any r £ R and / £ T, the equation c(r/) = rc(/) 
holds and c(lr) = R- 

(3) (Dedekind-Mertens content formula) For each f,g£T, there exists a nat¬ 
ural number n such that c(f) n c(g) = c(f) n ~ 1 c(fg). 

For more information on content algebras and their examples we refer to [17], [18] 
and [20]. In [16] Nasehpour gave the definition of a Gaussian R-algebra as follows: 
Let T be an R-algebra such that / £ c(f)T for all / £ T. T is said to be a Gaussian 
R-algebra if c(fg) = c(f)c(g), for all f,g£T. 

Example 5.6. ([16]) Let T be a content R-algebra such that R is a Prufer domain. 
Since every nonzero finitely generated ideal of R is a cancellation ideal of R, the 
Dedekind-Mertens content formula causes T to be a Gaussian R-algebra. 

In the following theorem we use the functions 4>r and 4>t that defined just prior 
to Theorem 2.25. 

Theorem 5.7. Let R be a Prufer domain, T a content R-algebra and I an ideal 
of R. Then I is a pR-n-absorbing primary ideal of R if and only if IT is a (pr-n- 
absorbing primary ideal of T. 

Proof. Assume that / is a (^-n-absorbing primary ideal of R. Let / 1/2 • • • fn+i £ 
IT\(pr{IT) for some fi,f 2 , ■■■, fn+ 1 £ T such that /i/ 2 ■■■ f n <£ IT. Then 
c(/i/ 2 • • • fn+ 1 ) Q I ■ Since R is a Prufer domain and T is a content R-algebra, then 
T is a Gaussian .R-algebra. Therefore c(/i/ 2 • • • f n + 1 ) = c(/i)c(/ 2 ) • • • c(/„+ 1 ) 

C I. If c(/i/ 2 • ■ ■ f n+ 1 ) C <p R (I) = <Pt(IT) n R, then 

/ 1/2 • • • fn+i G c(A/ 2 • • • f n +i)T C (MIT) n R)T C <Pr(IT), 

which is a contradiction. Hence c(/i)c(/ 2 ) • • • c(/„+ 1 ) C I and c(/i)c(/ 2 ) • • • c(/„+ 1 ) 
$7 4>r(I). Since R is a w-domain, / is a strongly c/iij-n-absorbing primary ideal of R, 

by Theorem 5.4, and this implies either c(/i)c(/ 2 ) • • • c(/„) C / or c(/i) • • • c(fi) • • • 
c(f n + 1 ) G \J1 for some 1 < i < n. In the first case we have /i/ 2 ---/n £ 
c(/i/ 2 • • • fn)T C IT, which contradicts our hypothesis. In the second case we 
have /1 • • • f.j ■ ■ ■ f n - (-1 £ (Vl)T C \flT for some 1 < i < n. Consequently IT is a 
0'r-T'i-absorbing primary ideal of T. 

For the converse, note that since T is a content R-algebra, IT fl R = I for every 
ideal I of R. Now, apply Theorem 2.25. □ 

The algebra of all polynomials over an arbitrary ring with an arbitrary number 
of indeterminates is an example of content algebras. 

Corollary 5.8. Let R be a Prufer domain and I be an ideal of R. Then I is a cpR- 
n-absorbing primary ideal of R if and only if I[X] is a 4>R[x]-n-absorbing primary 
ideal of R[X], 
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As two special cases of Corollary 5.8, when (f>R = (f>T = 0 and <f>R = 4>t = 0 we 

have the following result. 

Corollary 5.9. Let R be a Priifer domain and I be an ideal of R. Then I is an 

n-absorbing primary ideal of R if and only if I[X] is an n-absorbing primary ideal 

of R[X). 
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